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PREFACE. 



For the last four or five years I was desirous of solving 
almost all problems of Maxima and Minima by the principles 
of Algebra, and not by those of the Differential Calculus. 
All those problems which brought out equations of the 
second degree were of course easily solved by the method of 
imaginary roots given in some works on Algebra, particu- 
larly in Wood s Algebra by Lund, and the Encyclopaedia 
Metropolitana. But even these problems in several cases 
required particular artifices, without which it was impossible 
for me to solve them. All these problems are solved in the 
first chapter of this little work. Besides the method of 
imaginary roots, I have given another, quite independent 
of Imaginary quantities, quantities which to many beginners 
of Mathematics, appear somewhat mysterious and unintel- 
ligible. This latter method I may venture to call a new 
method, because in all Mathematical works which I have had 
•^ access to, I have never seen a single problem of Maxima or 

f*" Minima solved by it, though it is used to reduce an adfected 

k. 

quadratic to a pure one in a great many works on Algebra. 

Thus far I have spoken of the first chapter. 
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I . All the problems solved in the second chapter bring out 

K. cubic equations, the solution of which on the condition of 
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IV 

Maximum or Minimum, required a new method, which I 
could not find, though I searched for it in several works 
enumerated hereafter. I then resolved to find out a method, 
and in intervals of leisure during three years I continually 
thought on the subject, and at last found it out This is a 
method which appears extremely simple and easy, though it 
baffled all my endeavours for the space of three years. I 
may call it new, for I did not find it in any book I looked 
into. 

The third and fourth chapters, and the supplement con- 
tain problems and general solutions of particular equations 
of the fourth, fifth, and the sixth degree, together with those 
problems in which two or three variable quantities enter. 
The methods used in these parts of the work, though more 
difficult and intricate than that used in the second chapter, 
were easily discovered. 

This work contains about 130 problems taken chiefly 
from the following works: Simpson's Fluxions, Hall's Dif- 
ferential Calculus, Gregory's Examples, Conners Differential 
Calculus, Walton's Differential Calculus, Kitchie's Differen- 
tial Calculus, Young's Differential Calculus, Encyclopaedia 
Britannica, Hirsch's Greometry, works on Mixed Mathema- 
tics, &c. Besides the problems solved here, many more may 
be solved by the methods given in this treatise. 

I have also given definitions, formulae, and propositions 
necessary for the study of this work in the Introduction. 



In conclusion, I flatter myself with the hope that my 
labours will be of some use to those Mathematical students 
who are not advanced in their study of the Differential 
Calculus, and that the lovers of science, both in India and 
Europe, will give support .to my undertaking. 

Owing to the necessity of having the work printed in 
Calcutta, and my consequent inabihty to superintend the 
sheets passing through the press, many errors, almost insepa- 
rable from a work of this nature, have imavoidably crept in ; 
for these I must beg the indulgence of my readers. 

RAMCHUNDRA. 

Delhi, "| 

16th Fel/i-uary, 1850. J 
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INTRODUCTION, 



(1.) REDUCTIONS OF EQUATIONS. 

[Definitions.'] 

1. An equation is an algebraical expression of equality 
between two quantities. 

2. A root of an equation is that number, or quantity, 
which, when substituted for the unknown quantity in the 
equation, verifies that equation. 

3. A function of a quantity is any expression involving 

that quantity ; thus, ax* •{• b ~ &c. These functions are 

usually expressed by /(a?). 

Prop. Any function of a?, of the form a?" + paf^"^ + 
ga?""* + &c., when divided by a? — o or a? + «^ will leave a 
remainder, which is the same function of a or — a that the 
given polynomial is of a?. 

Let/(^) =0?" +;?^"-* -f y a?°-« + &c. ; and, dividing /(a?) 
by a? — o or a? + o, let Q denote the quotient thus obtained, 
and R the remainder, which does not involve a? ; hence, by 
the nature of division, we have f(x) = Q{a^ — a) -{- R or 
f {x) == Q (a? + «) + S- Now these equations must be true 
for every value of a? ; hence, if a? = a the first equation 
becomes f(x)^=R and if a? = — a the second equation 
becomes f(a) = JS, and hence it appears that / (a) or R is 
the same function of a as the given polynomial is that 
of a?. If y* (j?) = and a be a root of this equation, then by 
definition (2) we must have f{a)=^o or R = o, and hence 



( 2 ) 

^= -^=oor m = -A_=:« or Q is in both 

cases = 0. 

Ex. Let f{x) =^a^ — a?' + ^ = o and — a a root of this 
equation : 
x + aj ^» — ^-l-rj /a?'— (a + l)a? + o (a + 1) 

Q=iO . , Ans. 






— (a + 1) ^ 

— (a + 1)^' — a(a+l)^ 

a(a+l)a?+o*(a+l) 

r — a*(a-hl)=J?=o. 

This last equation expresses the condition of ay being a 
negative root of the given equation. 



(2.) TO FIND THE EQUATION TO THE PARABOLA. (Fig. 1.) 

Let a point S be taken without the right line CB, and let 
the indefinite line Sm revolve about the point S in the plane 
SBC; also, let Cm, which is perpendicular to CB, cut Sm 
in m; then, if Sm be always equal to Cm, the locus of the 
point 771 is a parabola. 

Through S draw BSP at right angles to CB, and if SB 
be bisected in A^ the curve will pass through A, as appears 
by the construction; draw mP perpendicular to BP^ and 
let AP = X, Pm— y, AS = a; then SP* + Pm* = 
(Sm' = Cm') = BP*, or (^ — a)* + y* = (a? + a)*; that 
is, z^ — 2ax + a* + y* =■ a;* + 2aj? + a% or y* = 4ax. 
This equation is called the equation of the Parabola, because 
it expresses the relation between the lines AP & Pm which 
determine the position of points on the curve. 
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(3.) TO FIND THE EQUATION TO THE ELLIPSE. (Fig. 2.) 

Let two indefinite lines Sm^ Hm, revolve, in a given plane, 
about the points S^ Hy and cut each other in m, in such a 
manner that Sm + ^^ naay be an invariable quantity ; 
then the locus of the point m is an Ellipse. Bisect SH in 
C, and from m draw mP perpendicular to SH^ or SH pro- 
duced ; let CP = Xy Pm = y, CS =: c, Sm + Hm = 2 a. 
Then ^SP^'+Trr^ = Sm, and VHP^ + Pm'' = Hm ; there- 
fore ^/SP^~+T^ + VHP^ + Pm« = Sm + Hm^ or 
V(c— a?)»-(-y'+ V(c+<r)'+y*= 2 a : hence, V(c — .r)»+^* 
s:= 2 a — V(c-f-a:j* +y% and squaring both sides, c* — 2c^ -f-a;* 
+ y« = 4a* — 4a V(c + a?)" + j/* + c' + 2ca; + ar» + y' ; 
that is, by transposition, 4a* 4- 4ca; = 4a V(c -[- ^*)' + y* 
or a^ -{- ex = a V(c + a:)* + ^'5 ^'^d again squaring both 
sides, a* + 2a' ex + c'x« = aV + 2a«ca: + aV + aV% or 
ay = a* — aV* — (a' — c*) a:* ; let a* — c* = A% then 

ay = a' 6* — A'a;*, and y« = -j (a* — a;') ; this equation is 

called the equation of the Ellipse, because it expresses the 
relation between the lines cP and Pw, which determine the 
positions of points on the curve. 



(4.) TO FIND THE EQUATIONS TO THE ELLIPSOID, 
SPHEROID, AND SPHERE. (Fig. 3.) 

An Ellipsoid is a solid figure, such that sections of it per- 
pendicular to its three axes are all Ellipses, and consequently 
its three axes are unequal. 

A Spheroid is a solid figure, generated by the revolution of 
an Ellipse about its major or minor axis, and consequently 
two of its axes are equal to each other, and sections of it 
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perpendicular to the ^xis^ about which the revolution is con* 
ceived to be performed^ are all circles. 

A Sphere is a solid figure, generated by the revolution of 
a circle about one of its diameters. Figure 3 represents the 
eighth part of an Ellipsoid. 

AB is part of the Ellipse in the plane xy 

AD xz 

BD yz 

And the section QPR parallel to xy is also an Ellipse. 
The surface may be conceived to be generated by a vari- 
able Ellipse CAB moving upwards parallel to itself, with its 
centre in CZ. Let nQR be one position of this variable 
Ellipse ; and let 

Cn = z CA = a nR.= x, 

nm ^= X CB-=b nQ = yf 

mP = y CD = c 

then firom the Ellipse QPR we have. 

^,' ^ y,' 

Also from the Ellipses DRA and DQB we have. 



3 



=yii. 



therefore -^ ^^ «" 5 ^'^^> multiplying the first equation by 

-; oritsequal- wehave-, + p = ^ = l-- 

x^ y^ z* 
.•.-; + p + -3 = ^ equation to the Ellipsoid; 

iC* 4i3 2^ 

let a = 6 .*. — -|- ^ -|- - = 1 equation to the Spheroid; 
let a = i = c ••• — -i--^^ = 1 equation to the Sphere. 
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(5,) TO FIND THE AREA OF A TRIANGLE. (Fig. 4.) 

Rule let. — Multiply the base by the perpendicular height, 
and half the product will be the area. The truth of this rule 
is evident, because any triangle is the half of a parallelogram 
of equal base and altitude, by Euclid, prop. 41, 1st Book. 

Rule 2nd. — When the three sides are given : add all the 
three sides together, and take half that sum. Next, subtract 
each side severally from the said half sum, obtaining three 
remainders. 

Lastly, multiply the said half sum and those three remain- 
ders all together, and extract the square root of the last pro- 
duct, for the area of the triangle. For let o,6,c, denote the 
sides opposite respectively to A^B^Cy the angles of the tri- 
angle ABC; then by prop. 13, of Euclid, book 1st, we have 
BO = AB' + AC''—2AB. AP, ora' = 6* + c»— 2c. AP 

or AP = ^ 5 hence we have • 

rp._A« (y + C-- ar 4aV - (y + c^- ar 

_ (26c+a» + c» — fl") (26g — &« -- c' + g") 

4c* 

.-. 4c* AP = Up + cY — a»T |a» — (c— by\ 
= {a'\-b + c) (— a + A + c) [a — b+c) {a + b — c) 
,. jAB^CP = icCP = ^ ^a + b^+c- a+b + c 

a — ^ + c a+A — c\ J ; 

2 2 J = '^ *(* — «)(* — ^) (* — c) 

where s = ^ (« + * + = ^^^ ^^® ^^^ ^^ ^^® three sides. 
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(6.) TO FIND THE DIAMETER AND CIRCUMFERENCE OF 
ANY CIRCLE^ THE ONE FROM THE OTHER. (Fig. 5.) 

This may be done by the following proportion, viz. As 
1 is to 3'1416, so is the diameter to the circumference. For, 
let ABCD be any circle, whose centre is jB, and let AB^ BCy 
be any two equal arcs. Draw the several chords as in the 
figure, and join BE ; also draw the diameter DA, which 
produce to jP, till BF be equal to the chord BD. Then the 
two isosceles triangles DEB, DBF, are equiangular, be- 
cause they have the angle at D common ; consequently 
DEiDB: : DB : DF. But the two triangles AFB, DCB, are 
identical, or equal in all respects, because they have the angle 
2?*= the angle BDC, being each equal to the angle ADB, 
these being subtended by the equal arcs AB, BC; also the 
exterior angle FAB of the quadrangle ABCD, is equal to 
the opposite interior angle at C; and the two triangles have 
also the side BF= side BD; therefore the side AF is also 
equal to the side DC. Hence the proportion above, viz. 
DE :DB:: DBi DF= DA + ^F becomes DEiDBiiDB: 
2DE + DC. Then by taking the rectangles of the ex- 
tremes and means, it is DB" = 2DF? + DE, DC. Now if 
the radius DE = 1, this expression becomes DB^ «= 2 -|- DC, 

and hence DB = V 2 + i?C That is, if the measure of 
the supplemental chord of any arc be increased by the num- 
ber 2, the square root of the sum will be the supplemental 
chord of half that arc. Let AC = a side of the inscribed 
regular hexagon = 1 .-. DC = ^ AD"" — AC = ^V — \ 

= V3~= 1 '7320508076, the supplemental chord of i of the 
periphery. Then, by the foregoing theorem, by always 
bisecting the arcs, and adding 2 to the last square root, there 
will be found the supplemental chords of the 1 2th, the 24th, 
the 48th, 96th &c. to the 1536th part of the periphery; thus 
it is found that 3-9999832669 is the square of the sup- 
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plemental chord of the 1536th part of the periphery, let 
this number be taken from 4, the square of the diameter, 
and the remainder = 00000167331 .'. V 0*0000167331 = 
0-0040906112 = T?Vr of the periphery; this number then 
being multiplied by 1536, gives 6*2831788 for the perimeter 
of a regular polygon of 1536 sides inscribed in the circle = 
the circumference very nearly when the diameter of the 
circle = 2, 



(7.) THE AREA OP ANY CIRCLE = RECTANGLE OF J CIR- 
CUMFERENCE AND i ITS DIAMETER. (Fig. 6.) 

Conceive a regular polygon to be inscribed in a circle; 
and radii drawn to all the angular points, dividing it into as 
many equal triangles as the polygon has sides, one of which 
is ABC, of which the altitude is the perpendicular CD from 
the centre to the base AB. 

Then the triangle ABC is equal to a rectangle of half the 
base AD and the altitude CD, consequently; the whole 
polygon, or all the triangles added together which compose 
it, is equal to the rectangle of the common altitude CDj 
and the halves of all the sides, or the half perimeter of the 
polygon. 

Now, conceive the number of sides of the polygon to be 
indefinitely increased ; then will its perimeter coincide with 
the circumference of the circle, and consequently the altitude 
CD will become equal to the radius, and the whole polygon 
equal to the circle. Consequently, the space of the circle, 
or of the polygon in that state, is equal to the rectangle of 
the radius and half the circumference. Q.E.D. 
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(8.) EVERY SPHERE IS TWO-THIRDS OF ITS CIRCUMSCRIB- 
ING CYLINDER. (Fig. 7«) 

By prop. 12 of Euclid, Book 12th, the cones JIB and 
QIM are in the triplicate ratio of IF and IK, that is to say 
we have this proportion- 
Cone AIB : cone QIM :: IF^ : IK^ :: FH^ 
: (FH— 2FKy 

.-. Cone AIB : frustum ABMQ : : FH^ : FH^ 

: : 7H' : GFH'FK— \2FH,FK* + %FK^ but cone 
^/J5= one-third of the cylinder ABGE, hence; 

Cylinder AG : frustum ABMQ :: ZFH^ : 6FH% FK — 
12FH, FK^ + 8FJ5P. 

Now cylinder AL : cylinder AG ii FK : F/. 

.-. Cylinder AL : -4BilfQ : : 6FiI« : 6^?^ — UFHFK + 
8FK, (1) 

Now it is evident that IK = KM .-. /X« + KN^ = 
KM"" + KN^ = IV = JG' = KS\ Now circles are to each 
other as the squares of their diameters, or of their radii; 
therefore the circle described by KL is equal to both the 
circles described by KM and KN; or the section of the 
cylinder is equal to both the corresponding sections of the 
sphere and cone. And as this is always the case in every 
parallel position of KLy it follows that the cylinder EBy 
which is composed of all the former sections, is equal to the 
hemisphere EFG and cone lAB, which are composed of all 
the latter sections. By proportion (1) we find 
Cylinder^/. : segment PFN: : 6FH^: 12FH,FK—SFK^ div. 

::IFH^:FK{3FH—2FK) 

But cylinder AL = circular base, whose diameter is AB 
or FH multiplied by the height FK; hence cylinder AL = 
circle EFGHXFK. 
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EFGH 

/. Segment PFN = §. circle -^^p- {SFH—2 FK) 

FK^ (2) 

If FK= FHy then the sphere = | cylinder. Q.E.D. 

Note— For the cylinder AL = frastram ABMQ -f- segment PFN 
and .'. cylinder AL — frustrum ABMQ = segment PFN, 



(9.) TO FIND THE AREA OF AN ELLIPSE. (Fig. 8.) 

b , 

The equation to the Ellipse is y = — V a* — a?* and to the 

circle described on the major axis as diameter is y^ = Va* — a?*. 
Comparing these two equations we find 

y = —y^ or 2 a y= Zl^y\ and .*. y : y* : : 24 : 2a. 

In the diagram annexed 2a = A^A, 2b = S^Bj x = any 
of the lines or abscissas measured on the line CA or 
CA^ from the J)oint Cy y ^== any of the perpendicular lines 
denoted by pm or p^m which are called the ordinates of 
the Ellipse^ and y^ = any of the perpendicular lines 
denoted by Pm or P^m which are called the ordinates 
of the Circle. Now if the area of the Ellipse and Circle 
be supposed to be divided into bands perpendicular to the 
axis major AA^, by ordinates Ppniy placed so closely to- 
gether that the arcs of the curves between them may be con- 
sidered to be straight lines^ the areas of the spaces of the 
Ellipse and Circle between every pair of contiguous ordinates 
will be proportional to those ordinates^ and as all the ordi- 
nates are in the same ratio^ the sum of all the areas between 
the elliptical ordinates, that is^ the area of the Ellipse itself^ 
will be to the sum of all the areas included between the cir- 
cular ordinates^ that is^ to the area of the Circle itself;, as any 
elliptical ordinate is to the corresponding circular ordinate, 
that is, as the axis minor of the Ellipse is to its axis major. 

c 
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By article 6th we find that the circumference of the Circle 
described upon the major axis is to its diameter as 2 is to 
6-2831 &c. or 1 : 3-1415 &c. (which let=jo) :: 2a : circum- 
ference = 2 joa /. 4 circum. = pa and a = semi-diameter .-• 
the area of the Circle =pa -{- a =^pa% we therefore find area 
of the Ellipse : joa* : : 2 ft : 2 a •*• area of the Ellipse ^=szpab. 



(10.) TO FIND THE SUM OP U TERMS OP THE SERIES 

1 + 4 + 9 + 16 + 25 + n*. 

Assume l + 4 + 9 + 16 + 25 + n^ =^ Pn^ + Qn'' -{^ 

Rn -}- Sy and since there are four co-efficients to be deter- 
mined, we must have a corresponding number of indepen- 
dent equations ; hence 
when n = 1 we have P+Q4-12+S=l 

n = 2 SP+4Q+2R+8=:l+4=5 

« = 3 .... 27P+9Q+3fl+Sf=l+4+9=14 

n = 4 .... 64P+16Q+4fi+S=l+4+9+16=30 

And from these four simple equations we find, by continued 
fcubtraction, P==i, Q=i, li=t and 8=0; therefore the 
sum of 1 + 4 + 9 + 16 + 25 + »« = |«» + ^n* + 

l« = - {n" + Sn + 1) = 2' — 3 — ^^ ^^ ^ ^^ ®^P" 
posed to be indefinitely great, n and 2n may be put instead of 
of (n -{- 1) and (2n + I) and •*• in this case the sum of the 

series = — {A.) 



(11.) TO FIND THE AREA OF A PARABOLA. (Fig. 9.) 

The equation to the parabola is y^ = Adx and conse- 
quently we have the following equations. — : 

AfT2 

K^ = AaAK .'. AH* = 4aHp or Hp=:~ 
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AG* 
ha* = 4aAS ••. AG* = AaGn or Gn = — — &c. = &c. 

4a 

AF* = 4aFr or Fr= AF^4a. &c. =&c. = &c. 

Let AH= HG = GJF== FD = &c. and each = ^^ 

n 

^ ZTT, IT i AIT ^^' I JTJ ^H^ AB^ 

/. rect. HR = Hp '{'AH=-- \'AH=-- — ==-- — -- 

^ ' 4a • 4a 4an^ 

4 HG* 4 Aiy 



red. Gq = HG + Gn = HG + 



4a 4an^ 



rect. Fw= GF, Gr = GF+ ^^= -^F^- &c. = &c. 

4a 4anr 

/. The sum of these rectangles =-- — - + — - — r- + — - + &c. 

° 4an» ' 4an^ ' 4a«' ' 

4an^ V T^ ^ T^ J 4^^s 2. 3. 

^Zy^D(n+l) (2^ + l) ^^p^^2) (^ + l)(2n + l) 
4a '^ «» 2. 3 ^'^ »» 2. 3 

It is evident that if the number of parts into which the 

line AD is divided be infinitely great, the sum of the rect- 

aagles must be equal to the area Apnr CD and also by art. 

/ ^N (»*+ 1) (2^+ 1) »' ^u ^ ^n 

10, equa. {A) ^ T^ - ^ — ^—^ ^=-^ .'. the area Apnr CD 

=: ^ >c -. = .•, the area ApnrCB of the 

w* 3 3 

parabola = rect. AD X ^B — Apnr CD = DC X AD — 

DC X AD ^ 2DCAD^ ^^^^^^ 



A TREATISE ON PROBLEMS OF MAXIMA AND MINIMA 

SOLVED BY ALGEBRA. 



Chapter I. 

Problems in the solution of which simple and quadratic 
equations only are used. 

PROB. (1.) TO DIVIDE A GIVEN NUMBER INTO TWO SUCH 
PARTS THAT THEIR PRODUCT MAY BE THE GREATEST 
POSSIBLE. 

Put the given number = a, one of the parts required = 
Xy and consequently a — a? = the other part, .*. x {a — x) = 
ax — a?* = product = maximum^ which let = r .'. x* — ax 
= — r. Solving this quadratic equation we find x = 

- + V T — ^* Now it is evident that r cannot be greater 



a» 



than — for if it be so the value of x becomes impossible, 

a* 
therefore the product or* — a?* or r is greatest when — = 

r, and /. a? = — - 

^. 

The same solved mthout impossible roots. 

In the expression ax — a?* which is to become a maximum, 

let x= y •{- -^ where the value of y determined by the 

condition of oo? — a?* being a maximum, will show whether 

it is positive, zero, or negative. We now find 

a* a* a* 
ax — a?' = ay + -^ y* — ay 4" "^ "4 ^*^ which 

is evidently a maximum when y = 0, .*, a; = -;r- as before. 
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PROB. (2.) TO DETERMINE THE GREATEST RECTANGLE 
INSCRIBED IN A GIVEN TRIANGLE. (Fig. 10.) 

Let the base AC of the given triangle = i, and its alti- 
tude BD = Oy and let the altitude BS of the inscribed rect- 
angle mc (considered as variable) be denoted by a?. Then, 
because of the parallel lines AC, ac, we find the proportion, 

BD: ACi: D8: ac or a: b:i a — x: ac or ac 

ttb ^~' bsB 

= ; whence the area of the rectangle or ac X BS 

= — (flw? — a^) = max. It is evident that 



a a 

when a quantity is a maximum, any determinate part, multi- 
pie or power of it must also be a maximum, and consequently 

the determinate ax — x^ of — (ax — x*) must be = max. 

a ^ ' 

which let = r .*. ax — a?* = r or a;* — cw? = — r solving 
this quadratic equation we find, 

X = -^ + V -T r, and it is manifest now that ax — a^ 

2 — ^ 4 

a* 
or r cannot be greater than -j- (for the reason stated in the 

last problem) and, therefore, when r = max. we must have r 

a* a 

= "T •*• ^ = 5"« Whence the greatest inscribed rectangle is 

that whose altitude is just half the altitude of the triangle. 

The same solved without impossible roots. 
In the expression ax — a?% which is to become a maximum, 

let a? = y + I .-. ax — x^= « (y + -|) — (2^ + |)* = «2^ + 

ffl' a* a* 

ya — ay = y*, which is evidently = max. 

when y = 0, or «r = — as before. 
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PROB. (3.) OP ALL RIGHT-ANGLED PLANE TRIANGLES 
HAVING THE SAME GIVEN HYPOTHBNUSE, TO FIND 
THAT (ABC) WHOSE AREA IS THE GREATEST POSSI- 
BLE. (Fig. 11.) 

Let AC = a^ AB = x and BC = y. Then, a?' + y« be- 
ing = a* we shall have y = Va' — a?% and consequently 

xy X . 

-z "1 \a* — x^ = the area of the triangle = max. and 

consequently the square of the area, or = max. 

and also four times this, or aV — x^ = max. which let = r. 
••. x^ — a^a^ = — r. Solving this quadratic equation we 

o* /a* 

find a:« = — + v ^^ and it is manifest that a'a?* — a;* or 

2—4 

r cannot be greater than -- ; therefore when r = max. we 

4 

must have r = T , .*. ^=2 and a? =,^/^9 and y = Va* — a?* 

a 

= ^^Tg". Hence it appears that that right-angled plane tri- 
angle contains the greatest area whose two sides containing 
the right-angle are equal to each other. 

The same solved without impossible roots. 
In the expression a^x'^ — a^ which is to become maximum 

let ^ = y« + ^ /. aV- :r4 = a' (y- + -|^) - (y* + -|V 

= «V + "^ — y — ^y — T^^H y^ wmcn IS evi-r 

dently = maximum when y* = o, and .•. a?' = — or a: = /-^ 
as before. 



( 15 ) 

PROB. (4.) OF ALL RIGHT-ANGLED PLANE TRIANGLES 
CONTAINING THE SAME GIVEN AREA^ TO FIND THAT 
WHEREOF THE SUM OF THE TWO SIDES, AB ••{- BC IS 

THE LEAST POSSIBLE. (See Fig. 11.) 

Let one leg AB^ be denoted by x, and the area of the 

triangle by a ; then the other side will be denoted by — and 

2a , , 

the sum of the two legs will be x H = minimum, which 

let =r .\ ai^ — ra: = — 2a (1.) 

Solving this quadratic equation we find x = — + 

V 2a, and it is evident now that r cannot be so 

small as to make —r- less than 2a; therefore, when r = 

4 

min. we must have --- = 2a .". r = 2 ^2a and ^ = — 

4 2 

2a 

= V 2a = AB. Whence^ jBC = — is also = >/2a. There- 
fore the two legs are equal to each other. 

The same solved without impossible roots. 
From equation (1) in the preceding solution we have a:* — 

rd? = — 2ay and .*. rx — a?* = 2a. Let x =^y -{- -— .\rx 

Ji 

~ a?* = r (y + ~) — (y + 1)« = 77 + ?L — y« — ry — - 

= 2a, or 2 y* = 2a, .-. r* = 8a + 4y'. Now it is evi- 
dent r or r* is the least possible when y = 0, .*. r = 2 V 2a 
and d? = V 2a as before. 
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PROB. (5.) DIVIDE A GIVEN LINE^ ABy INTO TWO PARTS, 
SO THAT THE SUM OF THE AREAS OF THE SQUARES 
DESCRIBED ON THESE PARTS SHALL BE THE LEAST 
POSSIBLE. 

Let a = the given line, a? one of the parts^ then a — a? will 
be the other part. Then, a?' + (a — a?)' is a minimum, that is, 
2a?* -\-a^ — 2ax is a minimum. Now a' is a given determinate 
quantity and therefore when 2a?* + a' — 2aa? = minimum 
we must also have 2a?* — 2aa? = minimum or its half, viz. 
a?* — CUV == minimum, which let = r .*. a?* — cuv ==ir, Solv- 

ing this quadratic equation we find a?="r-+ Vr + ~T 

Now r can be less than zero, that is it may become negative ; 
but, when negative, it cannot be so great as to make the radi- 
cal impossible. Therefore, when the least possible, r must 

a* a 

become a negative quantity = ~ and hence iv =~, This 

problem may be solved by the following method which is 
more elegant. 

Let2ar* + a*— 2flwr=r,.-.a?*— aar=~ — ^ (I) 

Solving this quadratic equation we find. 



a / r a* 



2" + V "2" — "4 • N^w ^ ^^ ^2 ^*^"^* ^^ so small as to 

r fa* 

make — less than t~- because in this case the radical quantity 

becomes impossible ; therefore when r is the least possible, 

r a* a 

we must have o'^^'i ai^d .•• a? = -g- Hence the given 

line must be bisected. 

The same solved without impossible roots. 
In the equation (l)letar = yH and therefore we find 
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(y + - )• — « (y H )* == or y* H — -— = -, and 

^^ ' 2' ^^2 2 2 4 2 

3a* 
therefore r = 2y* -| . Now it is evident that r is the 

least possible when y or 2y* = o, .-. a? = - as before. 

It must here be remarked' that when in the solution of 
problems of minima we leave out some given negative quan- 
tity, we sometimes make r, or the minimum quantity, less 
than zero or negative^ as is done in the first method of 
solution of the preceding problem. 



PROB. (6.) OF ALL CONES UNDER THE SAME GIVEN 
SUPERFICIES («) TO FIND THAT ABD WHOSE SOLIDITY 
IS THE GREATEST. (Fig* 12.) 

Let the diameter of the base AC^=^ Xj and the length of 
the slant side AB = y, and let p denote the periphery 
(3 ; 14, &c.) of the circle whose diameter is unity. Then the 
circumference of the base will be 2pttj the area of the base 
= j9a?% and the convex superficies of the cone =^pxy (which 
last is found by multiplying half the periphery of the base 
by the length of the slant side). Wherefore, since the whole 

superficies is = pse^ + pan/ = s, we have y = x: 

px 

whence the altitude CB — ^AB" — AC* = aJ — ?f . 

^ />«^ p ' 

which multiplied by '^, or J of the area of the base, gives 



ps^ ^ s^ 2s 



- . for the solid contents of the cone ; which 

o p^a^ p 

being a maximum, its square 4- (*'^ — 2j9«^*) = -^ 



( 18 ) 

( — X* — a?*) must also be a maximum. Since -^ is a con- 
2p 9 



8 



stant given quantity, therefore — a?' — a?* must also be = 

maximum, which let = r .•. — a?" — a?* = r, and it* 

2p ' 2p 

«' = — r. Solving this quadratic equation we find a?' = 
h V : — ^5 •*• when r = max. it must be = —r-if •'• 



a: 



« 



= — and a: = V — • Now y = x= , \f — 

Ap 4p px y s ^ 4p 

4p 

4p ^4p 2Vjo 

appears that the greatest cone under a given surface (or a 
given cone under the least surface) will be, when the length 
of the slant side is to the semi-diameter of the base in the 
ratio of 3 to 1, or (which comes to the same thing) when the 
square of the altitude is to the whole diamater in the ratio of 
2 to 1, 

The 8ame solved without impossible roots. 

s s 

In the expression j- a;' — x* = max. let ar* = — -f y •*• 



.a - -« 



— IT y — y TaT — y — max. when y^=o^ /. x* 



16/ 2;?^ ^ 16jo 

= — and x= \ — as before. 
4p 4/? 
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PROB. (7.) TO DETERMINE THE POSITION OP THE RIGHT 
LINE DE^ WHICH, PASSING THROUGH A GIVEN POINT 
P SHALL CUT TWO RIGHT LINES AR AND AS, GIVEN 
IN POSITION, IN SUCH SORT THAT THE SUM OP THE 
SEGMENTS, AD AND AE, MADE THEREBY, MAY BE 
THE LEAST POSSIBLE. (Fig. 13.) 

Make PB, parallel to AS, = a, and PC, parallel to AR, 
= b ; and let BD = x : Then, by reason of the parallel 

lines, we will have the proportion z : a :: b : CE = — : 
Therefore AD + ^E = b -^ x -{• — = minimum. Now 

X 

nh 

b -\- a, being a constant given quantity, x-\ is also a mini- 

X 
nh 

mum, which let = r, .". a: -I == r or x« — rx = — ab. 

X 



=^+/?^ 



Solving this quadratic we find a: = — +v— — aAorr = 
2 V ai and x = "o" = V a6. 

The same solved tvithout impossible roots. 
Since x* — rx = — ab. we find rx — x^ = ab. Let 

^ = y+-'''rx — x^ = ry + ——{y+ -) = ry + - — 

y« — ry = y* = ab or r* = 4ab -}- 4y' = min. 

4 4 

when y = and therefore r = 2 \ ab and x = — = V ai 
as before. 
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PROB. (8.) IF TWO BODIES MOVE AT THE SAME TIME^ 
FROM TWO GIVEN PLACES A AND By AND PROCEED UNI- 
FORMLY FROM THENCE IN GIVEN DIRECTIONS^ AP AND 
£Q, WITH CELERITIES IN A GIVEN RATIO^ IT IS PRO- 
POSED TO FIND THEIR POSITION^ AND HOW FAR EACH 
HAS GONE; WHEN THET ARE THE NEAREST POSSIBLE TO 
EACH OTHER. (Fig. 14.) 

Let M and N be two cotemporary positions of the bodies, 
and upon AP let fall the perpendiculars NE and BD ; also 
let QB be produced to meet AF in C^ and let MN be drawn : 
moreover, let the given celerity in BQ be to that in AFy as 
It is to m, and let AC^ BC^ and CD, (which are also given) be 
denoted by a, b and c, respectively, and make the variable dis- 
tance CN = X : Then, by reason of the parallel lines NE 
and jB2>, we shall have CB : CN : : CD : CE or b i xii c x 

ex 
CE •*• CE = -r-. Also, because the distances, £iVand AM, 

b 

gone over in the same time, are as the celerities, we likewise 

have, » : m : : BN : AM or mm \\ x — b \ AM^ or AM = 

^"^ — , and consequently CM {AC — AM) = a H 

n n 

^ — d _ !2f, (by writing d=a+—). Whence MN* = 
n n n 

CM* + CN^—CM X 2CB= (rf— — )* + x^— (d— —) 

2cx ., 2dmx , mV , ^ ^cdx , 2cmx^ 

^n* nb no tr nb 

2dni^2cd \ ^ 

n* ' ' nb, / 



1 
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Now let the quantity without the brackets = Q, the co-effi- 

cient of 07 = -4 and w»^ _• , , 2cm = B, and we shall 

^+ ■•" IHb 
therefore find Q fx* — Ax -\- BJ = minimum or x* — Ax + 
JB = min. which let = r, and .•. xl* — Ax -^ B := r or j^ 
— Ax = r — B (1.) 

A* 
Before solving this equation we must show that is less 

than B. Since c = CD and b = BC .'. bye and A* 7' c* 

.•• n*A« 7 nV (2.) 

2dm 2cd 
» ' A 2nd (bm + en) A^ 



\i 



Now A 



fn* . 2em m*b + n^b + 2m7ie* " 4 

W + ^^-nT 






ifiPrf 



(i»*A + »*A + 27»»c)* m^b 4- w*A -f- 2mnc 

n»rf« rm»y + n'y + 2mnbe) find B • ^ • • 

rm*A + n«A + 2mnc)^ ' ^^ therefore tman. ^ .. 

m*b* + n*b* + 2mnbe : w*A' + 2iwnAc -f- c^w*. Now as mV 

= m*b\ 2mnbe= 2mnbey and «*i* 7 »V by inequation (2) /. 

the third term of this proportion is greater than the fourth .*• 

A^ A^ 

B is greater than — and .*• — — jB == a negative quan- 

4 4 

tity, and may therefore be supposed = — P. The equation 

A / -4* 
(1) gives «* — Ax=^r — B .\x = — iV ^+"7 ^ 

= — + V r — P. Now r cannot be less than P /. r = 
2 - 

, -, ^ fwwArf + »Vrf - 

mm. when r = P .'. a: = — = ,, , — «a i o^^^ 5 irom 

2 iw'o + » 6 + 2mne 

whence BN^ AM^ and MN are also given. 
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The same solved without impossible roots. 

A 
In the expression x* — Az '\' B ^=^ min. let a; = y + — 

= — P .\ B = P .•. y* -f P = min. which is the 

, A mnbd + vfcd , ^ 

case when y = o .*. a: = -^ = - ,, , — , ' , ^ as before. 



PROB. (9,) LET THE BODY M MOVE UNIFORMLY, FROM A 
TOWARDS Q, WITH THE CELERITY W, AND LET ANOTHER 
BODY N PROCEED FROM 5, AT THE SAME TIME, WITH 
THE CELERITY ft. NOW IT IS PROPOSED TO FIND THE 
DIRECTION BD OP THE LATTER, SO THAT THE DISTANCE 
MN OF THE TWO BODIES WHEN THE LATTER ARRIVES 
IN THE WAY OR DIRECTION AQ OF THE FORMER, MAY 
BE THE GREATEST POSSIBLE. 

Let BC be perpendicular to AQ^ and make -4C = a, 
BC = by and BN = x. Therefore, if the position M, be sup- 
posed cotemporary with iV, we shall have 

ni m :: X I AM .•. AM = — ; whence CM = a, and 

n n 

consequently MN {CN— CM) — ^lx'—V — — +a = 

n 



mx 



max. which let = r, .*. Vs^ — A' = r -j a, and .•. a;* — 

n 

w ^^ _j_ *^ ^\a ^ _L 2^ww? n'a;« ^ 2amx 
o' = (r H — flf)' = r* -f- 2ar 

n n n* n 

+ a% /. 2ar - r« - A« - a' = ^1^\« - !2Ll«_Zll) 

rr n 
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. ^ _ 2mn{a -r) ^ ^ (2ar - r» - A« - «Mn' ^ ^ ^^^ 

mr — rr mr — n 

2mn (a — r) , m"n* (a — r)' mV (a — r)' , 
m^ — n* "^ ^ (m' — w*)« "" (m" — »*)« ^ 
(2gr — r^ — A^— fl g) n^{m^ — n^) , , - _ mn(g — r) 

, / n^(fl — ry — n'b^im^ — n^) 

Now it is evident that in order that this problem may be 
possible^ r must be less* than a, and consequently r = max. 
when n*(a — r)* = n'i*(w»* — »*), for r cannot be taken so 
great as to render n*{a — r)* -7 n'b*{m* — n*), and therefore 

b^/m^ — n* , mnia — r) mi , 

a — r = and 4? = — r r^ = /— ; -„ and 

tib 

CN = ^/x^ A* = /— ■; i 2 Whence m : » : : BiV : CN : 

V m' — n* 

Radius : cosine N. 

It is also evident that this problem is impossible when 

m Z n. 

The same solved without impossible roots. 

In the equation (I) let the coefficient of x = A and the 
second member = B .*. ar* — Ax = B, Now let a: = y + 

±,.x'-Ax = {y+±)-A{y+±) =y*+Ay + ^ 

A^ A* -4* 

— Ay = y* = -^j ^^^ therefore y* = B -{- — 

= -^^ ' _ ^ \ ^ by substitution, .-. {a — rY 

= ^— ^ ^ — ^ ^, and therefore a — r = 



n' 



* This is evident, because if r = a the root becomes impossible, and if 

ry a, there can be no limit to its increase, that is, it cannot admit of being 
a maximum. 
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or r = a — 



/ y * (m* — n*) ^ + n^b^ (m* — n«) 

V ^-^ — 1 ^^ -• Now it 18 evident that 

r = max. when the quantity subtracted from a = min. which 
can only happen when y =^ o^ ••. when r = max. we must 

, b /— 5 5 b'vm^ — »• J 

have r = a vm' — rr or a — r = and .*. a? 

n n 

A mn(a — r) mb . « 

= -^ = ~:^i :n^ = A/^i ^ ^^ before. 



PROS. (10.) TO FIND THAT POINT (F) IN A GIVEN ELLIPSE 
ABHD WHICH; OF ALL OTHERS^ IS THE MOST REMOTE 
FROM THE EXTREMITY B OF THE CONJUGATE AXIS. 

(Fig. 15.) 

Drawing FE parallel to the transverse axis AH, and mak- 
ing AH = a, BD = by and BE = x, we have, by the pro- 
perty of the curve BF* = BE^ + EF = x' -^-^ {bx — w^) 

= ar* + -^ IJ ^* ^^^ ^ ^® greater than A, .*. — must 

be greater than unity, and therefore (1 — — ) w^ = 



x^ = -{-^)x%.^.BF^ = a^+--^x^=-x- 

(- y ) ^ = (— fti—) ( ^, _ y ^ — a:') = max. and 

a*b 
therefore rr x — a?* = max. which let = r. and we there- 
at — y * 

a*b 
fore find a?* , ^ a? = — r. Solving this quadratic we 

find X = - *^ + V (-rZT*^) ~ ^' ^^^ ^* ^® evident 
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-f -J = r. But from the nature 

o' — by 

of the figure, the greatest value that a? (= BE) can possibly 

admit of is i = BD, therefore if the relation of a and b be 

such, that ~ — 77 is greater than b. this solution is mani- 
festly impossible. To determine this limit, therefore, make 

-J -. = b : then it will be found that 2i* = a*. Whence 

c' — *« ' 

the foregoing problem can only obtain when 2BD^ is equal 

to, or less than AH^» 

The same solved mthout impossible roots. 

In the expression -r x — a:' = max. let -; = A 

^ a* — A' a^ — b^ 

A 

.•• Ax — a?' = max. Let x = y -{ , therefore Ax — x^ 

ii 

A} A^ A^ 
= Ay + - y' — -4y— — = -^ y"" — max. when 

, A A ia^b , ^ 

y = o.-.a? = y + — = — = -^zTb* *^ *^^*'^^^- 



PROB. (II.) GIVEN THE BASE AND PERPENDICULAR OF A 
TRIANGLE, TO DESCRIBE IT SO THAT THE VERTICAL 
ANGLE MAY BE A MAXIMUM. (Fig- 16.) 

AD 
Let AB = c, DC=/?, and AD = x, .-. DB = c — x, — 

= tan a == — , = tan A = ^ ^ and ••. tan C = tan 

p DC p 

^ O- ^ — ^ 
(a4-i)= tan g + tan & _ jp" p ___ cp 

^ * ' I — tan a tan A 1 — x (c — x) "" p* — c.r + ^' 

£ 
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== maximum /. ^ — = min. which let == r .% a?* 

cp 

— ex = rpc — /?*. Solving this quadratic we find a? = — 

-^^ pc(r + ^)« This problem has three cases: 

c' — ~* 4©* 
1st. Let c /L 2p and /. — : — ^ must be a negative quantity, 

4pc 

and therefore in this case r cannot be taken so small as to be 

less than this negative quantity, .*. when r == min. it must = 

^P —^ and .•. a: = -^. 2d. Let c = 2jo .-. c» = 4jo« .-. 
4pc 2 

^ = 0, and X = f- \pcr. Now when r, or the 

4pc 2 

co-tangent or the tangent of the complement of the vertical 

c , 

angle C = min. it must = o,or a: = —-. In this case, since 

the complement of C= o, the angle itself must = 90 degrees. 
3d. Let c 7 2/? or c' y 4/?«. In this case when r or the 
co-tangent of the angle C = min. it must be a negative 

quantity, equal to the positive quantity —, and .•, a? 

4pc 

/» 
= — . In this third case it is evident that the vertical angle 

C must be obtuse, because its co-tangent is negative. It is 
also evident that in every case the triangle is isosceles. 

The same solved without impossible roots. 

In the expression x^ — ex -{-p^ = max. let a? = y -J- — 

^p* =s min. when y = o, .*. a? = — as before. 
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PROB. (12.) TO FIND THE POINT D IN THE STRAIGHT 
LINE CEf FROM WHICH AB SUBTENDS THE GREATEST 
ANGLE. (Fig. 17.) 

Let AC= Uy CB = b, and CD= ac. It is evident that 

AM BM 
tan. ADB = tan. {ADM— BDM) = MD ~ MD 



1 + 



MA MB 



{AM— BM) MD ,. . , J wi, 4 7i>rn • ^ 

\^ri!i I — ATii P7i>r • It IS also evident that MD = x sin 8, 
MD* + AM BM * 

AM = a — X cos. and BM = b — x cos. 0^ we, therefore, 

^ , . {a — 6) a? sin 

fand tan.y= , . gn , . ^ttl m a maxi- 

^ a?' sm* G 4- (fl — X COS. 9) (0 — x cos. 0) 

a;»sin^O + (fl — ^cos. 9) (6 — arcos.O) . . 

mum .*. y = ^—7 tt r^' a mini- 

^ [a — 0) X sm 9 

mum ; and since {a — b) sin G is a constant given quantity 

x^ sin« G + (a — a? cos G) (i — a? cos G) ^ , , 
L_v Lj^ must also be a mini- 

X 

mum which let =r, .*. 01^ sin' ^ -\- ab — (« + A) cos G a? + 
cos'0-^' = ^' (sin' G + cos« G) + ab — (« + A) cos G- a; = 
a^ j^ ab — (a + A) cos G-a? = rap, therefore ^» — 

i (a + A) cos G + ^ Va? = — «A. Solving this quadratic we find 

(a + A) cos + r , ./7^(«+l0^o8FfTV T 
0? = 2 + V |— 2 / -«*• 

Now r cannot be taken so small (or if necessary, negatively 
so great,) as to make J ^^ I less than ab, be- 
cause this supposition makes the value of x impossible •*• 

_ . ^ , r (« + A)cosG +r \^ , 
when r == mm. we must have ^ > 7= ab, 

« /— 7 / . zx n 1 (« + A) cos + r 
... r = 2 Vab — {a + b) cos and a? = • — ^-^ — ^^ 

2 VaA /— T 

= — - — = V aA. 
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The same solved vnthout impossible roots. 
In the expression a^ — X (« + i) cos 8 -f r l-a; = — ab 

let the co-efficient o{ x = A and let a? = y + ^, we there- 

A* A* 

fore find a?' — Ax -{- ab = y^ -{- Ay -\ Ay — -^ + 

A^ A^ A^ 

ab = y* — + ab = y'' + ab — — = o, or — = y« + 

A^ 
ab. Now it is evident that r or -j = min. when y = o^ •*• 

■^ =z ^ ab .\ X = V a6 as before. 



PROS. (13.) TO BISECT A TRIANGLE BY THE SHORTEST 

LINE. (Fig. 18.) 

Let ABC be the given triangle, and PQ the shortest line 

required. Also let CP = x, CQ = y, PQ = w, and a, 6, c 

the three sides of the triangle, and C the angle BCA. Pm 

and ^72 are perpendiculars drawn from the points P and B 

Pm 
on the line CA. Now by similar triangles we find ;= = 

^?T= = sin C, .*. Pm = x sin C and Bn = a sin C and .•• 

CQ X Pm xy sin C ^ CA X Bn ab sin C , , , 
2 = -iL__and ^ = —2 ^ ^^^ ''^ 

. . _ . CQxPm C AxBn ^ . .xy An C 
supposition 2 X 2 "^ — 2 • • ^ ^ ""^ =^ 

a& sin C , ^ ab 
— .\ab = 2xy.\y =^^ 

By Prop. 13, Book 2d of Euclid we find— 

a^b^ 
w« = a;« -j- y^ — 2a?y cos C= a^ + —-^ — ab cos C = min. 

4* 
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which let = r, ,*. a?* H — ah cos C. w^=^r x'^, and there- 

fore a:* — (ai cos C + r) <r* = — . Completing the 

square and extracting the square root we find, 

is greater than a'i* cos' C, .•. in order that the value of a?* 
may not become impossible, we must have ah cos C -\- r^=i^ 
a'6% .". r = ah — ah cos C, and /. when r = min. we must 

V ^ ah cos C + r ah /ah , a6 

X —.\ tt* = — -}- "o — ®^ <*os C = ah (1 — cos C) = 

«* {'^' + ^^":,^^' + '^^} = ^^- ^;-^^^ and .-. . = 

J{c — a + b) [c + a—T) 

V 2- • 

7%a same solved vnthout impossible roots* 

Let ah cos C + r = -4 and = B .*. the equation a?* — 

4 

a^h* 
{ah cos C 4- ^) ^* = — — becomes a?* — -4a?' = — B. 

A A^ 
Also let ^' = y + ~, /. a?* — -4x' = y« -f ^iy -f — Ay 

A? -4' -4' 4' 
= y* = — jB, .*. y' + B == — ••• when — or r 

= min. y = 0, /. -B = — or = — and a& = -4 = aft 

^ ' 4 4 4 

cos C + ^ and r = aA — aft cos C = ah (1 — cos C) and 

. ^ oft cos C + r aii /oST 

«» = — = 2 = Y^-*-^ "== V 2" as before. 



i' 
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PROS. (14.) 

Let V = ^ tan 9 — = — ; find cc that y may be 

^ 4p COS 9 »^ ^ 

An COS 0' J? ^— " 3?* 

a maximum. Now y = ^ 5-^ = max. and since 

^ 4p cos' 9 

4p cos' 9 is a constant given quantity^ we must have 4p cos* 9 
X — a^ = max. which let = r. Also let the coeffi- 
cient of X in this equation = 2-4, and we therefore find 
2Ax — ar» = max. = r or 2 Ax — x^ =r and hence x^ 
— 2 Ax = — r. Solving this quadratic we find x=^ A -\- 
V -4* — r, .•. when r = max, we must have A^ = r ••• x = 

. 2 A 4» cos« 9 tan 9 ^ •/.i./. «•« a 
^ = -j;- = ^^- jr ^ — = 2p cos' 9 tan 9 =: 2p sm 9 cos 9 

J ^j fti-n-A A 4»' sin' 9 cos' 9 

and we find y = 2p tan 9 sm 9 cos 9 — —^ == 

'^ 4p cos' 9 

2p sin' 9 — p sin' 9. The equation is that of the path of 

a projectile, and the maximum value of y is the greatest 

altitude above the horizontal plane. 

The same solved without impossible roots. 

In the expression 2Ax — ar' == max. let x = y -{- Ay .*. 

2Ax — «* = 2 Ay + 2 A* — y« — 2 Ay — -4' = ^' — y« 

2A 
which is evidently = max. when y = o .\ x ^= A = — = 

2p sin 9 cos 9 as before. 



PROB. (15.) DIVIDE A NUMBER a INTO TWO SyCH FAC- 
TORS THAT THE SUM OF THEIR SQUARES SHALL BE A 
MINIMUM. 

a 
Let X = one of the factors, .*. — = the other factor, and 

X 
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a« 



their squares = a?* -| — - = min. = r /. x* ^ a^ = rx^y and 

X 

••. X* — rx^ = — a*. Solving this quadratic we find, 

«• = -- + V «*• It is now evident that when r = 

2 4 

min. we must have — = a' or r- = a,.*.a:* = g- = ax = ^ a. 

The same solved tmihout impossible roots. 
In the expression x* — rx^ = — a' suppose x^ = y -{•' 

— .-. a;* — ra;' = y* + ry + — — ry = y' — _ = 

— a' /. y* + a* = — , which is evidently a minimum when 

4 

y = 0, .*. — = a and j:' = — =• a. .*. a; = V a as before. 
2 2 



PROB. (16.) FIND THAT FRACTION WHICH EXCEEDS ITS 
SECOND POWER BY THE GREATEST POSSIBLE NUMBER. 

Let X be the fraction^ and it is required to find such a 
value for x which may make x^ — a:' a maximum. Let 
a: — «• = r .*. a;* — a: = — r, and solving this quadratic we 

find :r = iH-Vi — r. Now it is evident that r cannot be 
greater than J, and therefore when r = max. it must be = 
\ and .•• a: = ^ = the fraction required. 

The same solved without impossible roots. 

In the expression x — a:* == maximum, let x == y + 

x^ 
the coefiicient of - = y + i, and .•. we find x — a?' = y + 

i — y* — y — i = i — y% which is evidently a maximum 
when y = 0, ,\ a? = i as before. 
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PROB. (17.) OF ALL TRIANGLES UPON THE SAME BASE, 
AND HAVING THE SAME PERIMETER, FIND THAT WHICH 

m 

HAS THE GREATEST AREA. 

Let 2,P be the perimeter, a the given base, x and y the 
remaining sides. It is demonstrated in the Introduction that 
in any plane triangle whose sides are «, x and y and semi- 
perimeter = P, the area = \^ P (P — a) (P — x) {P — y) ; 
and because the square of a maximum is a maximum, we 
must have P (P — a) (P — x) (P — y) = max. and 
P (P — a) is a given constant quantity, we must also have 
(P — x) (P — y) =max. Nowy= 2P — a — x .*. P — y 
= P — 2P + « + ^ = fl + ^ — P5 therefore by substitu- 
tion we find (P — x) {a -\- x — P) =max. and .'. aP — P' 
4- (2P — a) X — x^= max. and as aP — P' is a constant 
given quantity, we must also have (2P — a) x — x^ = 
max. which let = r. We now have x^ — (2P — a) x =^ 

2P a 

— r, and solving this quadratic we find x = [- 



/ 



(2P a)* 

^^ — — r. It is evident that when r is a maximum, 

4 

^ , (2P — aY 2P — a ^ a , 

it must be = •- ^ .*. x = ■ = P — — and y 

4 2 2^ 

= 2P — a — x = 2P — a — P + -^ = P — ~ and 

2 2 

therefore y = x^ or the triangle is isosceles. 

The same solved without impossible roots. 
In the expression (2P — a) x — x^ = max. let x = 
!^^+y,.-. (2P-«) x-ar'= (2P-«) y + l^^IlfT 

1 /«n X (2P— «)♦ (2P — 0)» , 

— y* — (2P — a) y — ^ — ^ = i — - — i- — y* = 
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max. which happens when y == o /. a? = = P — 

■— - as before. 
2 



PROB. (18.) TO INSCRIBE THE GREATEST PARALLELO- 
GRAM WITHIN A GIVEN TRIANGLE ABC^ THE ANGLE 
A BEING ONE OF 1?HE ANGLES OF THE PARALLELO- 
GRAM. (Fig. 19.) 

Let AEGFht the greatest inscribed parallelogram required, 
and ED the perpendicular let fall from one of its angles Ey 
upon one of its sides AF^ Also let AB = Cy AC = b and 
AE=i X. 

The area of the parallelogram = AF X -ED. The lines 
EG and AC being parallel, the triangles ABC and EBO 
must be similar, and consequently AB : EB i : AC : JSO, or 
c : AB — AE : : 6 : AF or ci c — x : : b : AF, .•. AF==: 

— ^ ^ and the perpendicular ED is evidently = EA X 

c 

sin A=x sin A. Now substituting these values of AF and 

JBD, we find area of the parallelogram =- ^ — ^ 

b sin A , ,v J . b sin A. ^ ^ 

= (ex — X*) = max. and smce is a constant 

c c 

given quantity, we must also have ex — ar' = max. Let 
ex — 0?' = max. == r .•. :c' — ex = — r, and therefore so = 

e r& 

— + V ^5 and hence it is evident that when r = max. 

2 ~ 4 ' 

(? e AB 

it must be = — , and .*. a? = — or AE = — . 

4 2 2 

The same solved mthout impossible roots. 

In the expression ex — «' = max. let x = y -f- tt ^^^ 
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^. ex — a?' = cy + -z — y' — <y — T "^ a' — ^' which 
is evidently = max. when y = o, .'. a: = — as before. 



PROB. (19.) OF ALL EQUI-AN6ULAR AND ISOPERIMETRI- 
CAL PARALLELOGRAMS FIND THAT WHICH HAS THE 
GREATEST AREA. (Fig. 20.) 

Let ACDE be the required parallelogram^ AE =: x^ AC 
= y and semi-perimeter == a. It is evident that the area 
of this parallelogram = AC X EB (1.) 

Now by supposition a: + y=a, .-. y = a — a? = AC 
and EB = AE ^m A = x ^m Ay substituting these values 
oi AC and EB in equation (1) we find, area of the parallelo- 
gram = sin A {at — aj') = max. Now as sin -4 is a cour 
stant given quantity, we must have also ax — x^ = max. 
which let = r .'. a:' — ax = — r. Solving this quadratic 

we find a7 = — +V ^^ and it is evident from this value 

2 ~" 4 

of Xi that when r = max. we must have r = — .•. x = — 
' 4 2 

and y=^« — a? = a = — .*, x ^ y. Hence it ap- 
pears that of all equi-angular and isoperimetrical parallelo-* 
grams, the equi-lateral has the greatest area. 

The same solved without impossible roots. 
In the expression ax — a?* = max. let ar = y -^ and 

therefore ax — ar* = ay -\ y^ — ay =■ y* 

= max. when y ^==^o^ .•.«; = — as before. 
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PROB. (20.) OP ALL TRIANGLES ON THE SAME BASE^ 
AND HAVING EQUAL VERTICAL ANGLES^ TO FIND THAT 
WHICH HAS THE GREATEST AREA. (Fig. 21.) 

Let ABC be the required triangle, of which the base AC 
is given = b, and the vertical angle ABC= fi : it is required 
to find the mutual relation and magnitudes of the remaining 
sides AS =i X and BC = y when the perimeter or the sum 
of all the sides is a maximum. Let a perpendicular AD be 
drawn to the line BC It is evident, by the first principles 
of trigonometry, that BD = AD cos B= x cos JB, AD = 
AB sin JB = ^ sin B and .*. DC = ^ AC^ — ADi^ = 

V ^« — a:* sin* B^ and .% y = JBD -f DC =^ x cos B + 

V A» — a?« sin' Jb .'. perimeter ?= 6 -f- ^ + ^ cos B + 
Vft*— x'' sin'B = i + (1 + cos B) a: + ^ V — x* sin' 5 
= max. and as & is a constant given quantity, we must also 

have (1 + cos B) a: + V i' — x^ sin' B = max. which let = r 
,•• V 6' — a?' sin' B-=^r — (1 + cos H) a?, and, squaring both 
sides, we find b^ — a?* sin* B =^r^ — 2r (1 + cos B) x -\' 

(1 + cos By x\ therefore -Tsin' B + (1 + cos B'T a:' — 

A /, ■ T>\ ro • • 2(1+ cos B) r 

^ ' ^ sm' B + (1 + cos By 

= 8m*i?+(l + cosg) «- Solving this quadratic T.e find ^ = 
(1 + cos B)r ^ y{«in«5+(l+cosB)«}A«-sin»fir» 



8in'B-t-(l+cosBr- 1^.^.^ ^ (1 + co8Brj* 

Now it is evident that r or sin* B r* when a maximum, must be 

=/sin»B+(l+cosB)'|i«or y= . ^ / . ,p . ., . „,. 
l^ IX I /J smBVsm'B+ (1 -fcosB)* 

& (1 + cos B) 

sin B Vsin^"B^(T 4^cos B)^ 



and therefore we find x = 
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J T> I /Ti o . a T > * (1 + COS B) COS F 

and y=x cos JB+v A* — a?' sin' jB= , ' ^ ^ 

sin J5V 8in*J5+(l+cos J5)» 

, b sin B b co^B -\-b cos« 5 + * sin« B 

Vsin« 5 + (1 + cos Bf ~ sin J5 V sin« jB + (I + cos JB)' 

= ■;; — — — , = .•. a: = y. Hence of all 

sin B Vsin< iJ + (1 + cos Bf 

triangles on the same base^ having equal vertical angles^ the 

isosceles has the greatest perimeter. 

The same solved without impossible roots. 

, .V .. a 2 (1 + cos B)r 

In the equation ar* . ^ .^^ . ' , — ; — ^^ =r— a? == 

^ sm* JB + (1 + cos j5)« 

*" *•' let 



sin* 5 + (1 + cos By sin' B + (I + cos 5j% 
(1 + cos B) b^ 



sin* B + {1 + cos By ' sin* B + (l+cos B) 

> o D I /I I mi == 9 •*• ^* — 2mr a; = w — gr*. Also 

sm* J5 + (1 + cos By ^ ^ 

lei x = y + mr and we therefore find y* -f- 2mry + m*r* — 
2mry — 2mV = y' — mV* = n — jr* .•. r* = ^ 



g — m* 



which is evidently = max. when y = o, /. r 



Vy — w»* 



, . _ m V^ b {I + cos .g) - 

an /. a? — ^__5 — ^.^ 5Vsin*5 + (l +- cos B)« ^ 

substitution as before. 



PROB* (21.) TO INSCRIBE THE GREATEST RECTANGLE IN 
A GIVEN CIRCLE. (Fig. 22.) 

Let CN = X, and CA = a ,\ NP = Va» — a:* and there- 
fore the rectangle required = 2PM + C'ifef = 2a? V a' — x* = 
max. .*. 4aV — 4a?* = max. and .*. aV — a?* = max. which 
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let = r, .•. J?* — aV = — r, .\af^ = — + V — —r\ It is 

~ 2 — 4 

evident that when r = max. it is = — .*. x* = — .% a? = 

4 2 



^"2: 

The same solved without impossible roots. 



a* 



In the expression a»a?' — a?* = max. let a:* = y + ■5- •*• «'^ 
— x* = ay + — — y'' — a'y — 'j=— — y^ = max, 

when y' = 0, .*. a?^ = ^ and a? = -7=^ as before. 
^ 2 V2 



PROS. (22.) OF ALL SQUARES INSCRIBED IN A GIVEN 
SQUARE TO FIND THAT WHICH IS THE LEAST. (Fig. 23.) 

Let ABCD be the given square^ and abed the required one. 
Also let AB = BC = a, aB = a?, .% Aa = a — x. Now it 
is evident that ab = ac, the ^ A = ^ B and the angles Aab 
and Aba are together equal to 180 degrees = angles Aab 
and Bac .*. Z ^ia = Z. jB«c .•. the third angles BAa = Z 
Bca .•. -4a == JBc ; but Aa = a — x .\ Be = a — x. Now 
it is evident that aB* + JBc« = ac» or x^ + (a — xf = ac* 
= the area of the square required = a maximum^ which let 
= r, .*. 2a?' — 2ax + a' = r, and by proceeding exactly as 

in problem (5) we find x =^ — when r = max. 

The same may be solved without impossible roots as in 
problem (5.) 
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FROB. (23,) TO INSCRIBE THE GBBA.TBST RECTANGLE 

IN A GIVEN ELLIPSE. (Fig. 24.) 

Let AFGBED be the given Ellipse, and FDEG the in- 
scribed rectangle required. Also let mC (where C is the 
centre) = Cn =s x^ AC = a and pC= b .*. mn = 2a?. Now 
by the property of the Ellipse demonstrated in the Introduc- 
tion we find mF = — V a* — x^ .*. 2m jF = — V a' — x^ 

a a 

and therefore the rectangle FE = FD + DE = FD + mn 

_ — ^ a^ — X'' X 2x = V a' d?« — z* = max., and as 

a a 

— is a constant given quantity, we find V aV — x* = max. 
a 

and also aV — x* = max. which let = r, .*. a* — «V = — 

r. Solving this quadratic we find a^ = — -^ j^ ^ r, and 

2 4 

hence it is manifest that r cannot be greater than — and 

4 

therefore when r = max. it must be = — and .\ ar^ = — and 

4 2 

a 
x = 



This problem may be solved without impossible roots, 
exactly in the same way as problem (21.) 



PROB. (24.) GIVEN THE BASE AND THE VERTICAL ANGLE 
OF A TRIANGLE, SHOW THAT WHEN IT IS ISOSCELES 

ITS AREA IS A MAXIMUM. (See Fig. 13.) 

Let ABC be the required triangle of which the base AC 
is given = by and the vertical angle ABC = j5 : it is required 
to find the mutual relation of the remaining sides AB = x 
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and BC = y when the area of the triangle is a maximum. 
Let a perpendicular AD be drawn to the line BC. It is 
evident, by the first principles of Trigonometry, that BD = 
AB cos B = X cos B, AD = AB sin 5 = ^ sin B and /. 
DC = ^AC — AD^ = V A* — a?» sin» B and /. y = BD-)r 
DC = X COB B + VA' — a;*sin«5, therefore the area of the tri- 
angle ABC = AD + BC=x sin bIx cos B+ VA»— a?' sin' J5 j- 

= sin Z? (i:'* cos B + i«? V ^* — x' sin*^ i?) = max. Now as 
sin 5 is a constant given quantity, we must have x* cos B -}- 
X V i' — x^ sin' B =max. which let =r, /. x* x VA' — x^ sin' 5 
— y. — x^ cos B or 4V — 5;* sin'* B = r^ — 2r cos jB a?' + 
a?* cos' 5 or ^* (cos« S + sin' B) — (A' + 2r cos J5) a?« = — 
r' or a?* — (A' -f 2r cos B) a^ = — r». Solving this qua- 

j ^- fij A' + 2rco8B , /(A«+2rcos5)« — r* 

dratic we find x^ = — ■ — h v ^^ ^ z — 

2 — - 4 

A' + 2r cos jg ■ / a* — 4r (r sin^ B — b"" cos ^) 
"" 2 ~^ 4 

Now it is evident that r cannot be taken so great as to 

make 4r (r sin' B — A' cos B) greater than A*, and therefore 

when r = max. we must have A* = 4r (r sin» B — A' cos* B) 

and from this equation we find r' . ^ ^ r = 



sin« 5 4 sin* S 
and, solving this quadratic, we find 2r = — - — . ^ *. 

Substituting this value of 2r in the equation ^' = -It 



2 



,e find.' = ^ ^^, + f ;- ") and. = 7^' ^^ + r„^> 

2 sm* JB 2 sm' B 

and y = 5Z) -{• DC = x cos JB + V A* — a;' sin' jB = 

cos B V^Ep:^ + y,,_6'(l+cos^)lEiB^ 

2 sm' B 2 sm' JB 

COB P y ylT+'^^ rB) / 6Mi + COS B) . 

^ 2 sin' jB ^ ^ 2 > • • y - 
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^ — 2 sin' g "^ '^ 2 "^ '^q^^^g'^oth 

sides of this equation we find y' = "^.2^1?. ^' ^^ + ^^" ^^ 

-L o 0..0 J ^/6* sin» ^ , 6» (1 — cos B) ,,, ^ 

+ 2 cos ^ V -T— .-a— r H ^^ ^ ' = b cos B 

4 sm' A 2 

+ i' j cos* JB (1 + cos B) + sin« B (I — cos B)T=6» cos B 

2^»~B 
, 4* (1 + cos'B— sin« B cos B) ., „ , 

+ 2-sin-^- = *' ^^^ ^ + 

-Tl + cos B {I — sin' B) — cos B sin» S } 6' 



2 sin' B 



} 



6« (1 + cos JB) , , , , „ 

==■ — ' ^ r> — = ^% •'• ^ = ^9 aiid .*. y = rr. Hence it 
2 sm' J5 ? y 5 y 

appears that the triangle must be isosceles^ in order that its 
area may be a maximum. 



PROB. (25.) TO FIND THB LEAST TRIANGLE TCt, WHICH 
CAN BE DESCRIBED ABOUT A GIVEN QUADRANT. 

(Fig. 25.) 

Let CA = aftC= ar, and CT= y. It is evident that 
the line or hypothenuse Tt is a tangent to the quadrant at 
the point P,and therefore the angles tPC and CPTBre right 
angles. By similar triangles, according to Prop. 8, Book 6 
of Euclid, we have tC : CP : : CB : CN or x : a : : a i 

CN.\ CN=— and NP = CM = V CB" — CN* = 
A/a«_fl= — Va?' — a«. Also CTi CP : : CP : CM 

£lff» 

or » : a : : o : - Va;' — «% •-. y = ;-; , and therefore 
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a:« 



the area of the triangle TCt == ^a^y = |a X .- 

\ X* — a 



ar* 



minimum. Now Ja is a constant given quantity^ .•. - . ^ ^ 

or its square — = min. which let = r, .•• ^* = rx* — 

a;' — a* 



ra* or x* — ro?* = — ra* (1) 

Solving this quadratic we find 



r , ^ / r' — 4ra' 



2 -^ ^ 4 

y* / /* (?* •■"" 4fl') 1 

U V — ^^ ^ and here it is evident that r cannot be 

2 - 4 

less than 4a% /• it must be = 4a* when it is a maximum^ /• 

r 4a* / — fl^ 

a?' = — = — = 2a' and a? = a V 2 and y = . = 

2 2 ^ ViT*— a« 

= a '/^ .*. ^ = y. Hence it appears that the angle 

a 

PTC must be = 46 degrees^ or that the triangle described 

must be isosceles when it is the least possible. 

The same solved without impossible roots. 

In the equation (1) viz. in x* — ra^ = — ra^ let a?* = y 

•A and therefore o?^ — ro?* ==y^ -\- ry -{• ry — — = 

2 4 2 

y» = — ra*y .'. r' — 4ra* = 4y*, and therefore we find 

4 



r = 2a* + V 4y* + 4a*, and here it is evident that when 

r = min. we must have 4y* or y = o, .*. r = 2a* + 2a' = 4a* 

7* 4a* *"** 

and 0?* = — = — = 2a*5 .•. a? = a V 2 as before. 
2 2 



\ 
1 



o 
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PROB. (26.) SUPPOSING A SHIP TO SAIL FROM A GIVEN 
PLACE A^ IN A GIVEN DIRECTION AQ,^ AT THE SAME 
TIME THAT A BOAT FROM ANOTHER GIVEN PLACE By 
SETS OUT IN ORDER (iF POSSIBLE) TO COME UP WITH 
HER; AND SUPPOSING THE RATE AT WHICH EACH VESSEL 
PROGRESSES TO BE GIVEN, IT IS REQUIRED TO FIND IN 
WHAT DIRECTION THE LATTER MUST PROCEED^ SO THAT 
IF IT CANNOT COMB UP WITH THE FORMER^ IT MAY 
HOWEVER APPROACH IT AS NEAR AS POSSIBLE. (Fig. 26.) 

Let the celerity of the ship be to that of the boat in the 
given ratio of m to n ; also let D and F be the places of the 
two vessels when nearest possible to each other^ and^ from 
the centre B^ through jF, suppose the circumference of a 
circle to be described. Then the distance Z>F,' being the 
least possible, the point F must be in the right line DBj 
joining the point D and the centre B ; because no other point 
in the whole periphery, at which the boat from B might arrive 
in the same time, is so near to D as that wherein the line BB 
intersects the said periphery. But now, to get an expression 
for DF, in algebraic terms, let BC be perpendicular to ^Q 
and make -4 C = a, B<2 = b^ CD ^=i Xy and then BD will be 

= ^ BC? '\' CD^ = V A* + "^^ > moreover, because m : n 

iz AD or a + x: BF. we will have BF= y and conse- 

m 

J na 4- nx ,- na 

quently, DF=^/b^ + x^— ■ = V 6« + ^« — — 

= max. which let = y, .'. V i* -\- x* = g U~ 

m m 

— which let = r. Now it is evident that since — is a con- 
m m 

Btant given quantity, and q = max. we must also have q + 

— or r = max. .•. v A* + a?' = max. = r or v A' + x* 

m m 
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= r + ^ and therefore b* + x* = r* + — x + — 
»» mm* 



• • 



x^ — 



==r« — J«ora;« •x='-— — '—- ..(1) 



Solving this quadratic we find. 



^ _. ninr / (r« — &') w« (w' — w") + mVr * _ 

_ ;i« i V . «-_ ^,y — 



m» — w* -- - (m« — n»y 



, i+ V -^ w« (m« — n«) + mV }-r« — 4»m« (w« — w«) 

(m» — n^Y 

mnr , Im^ii^ — Vm^ im^ — w') tt ..l i 

= — ; ^ + V r~a -T^ -* Here it must be 

remarked, that this problem becomes impossible when m is 
less than »,for in this case the quantity — 6'(m« — w*)m* 
must become a positive quantity, and therefore there remains 
no condition of r becoming a minimum, Now it is evident 
that m*r' or r cannot be taken so small as to make the root 
impossible, therefore when r = min. we must have wV = 

0\ fj^ — fij^ WITIV 

b^mHm^ — n') and .•. r = and x = = 

^ m m*— n^ 

:;; also DF= VA« + a;« — — ^ ^r— — = 



h^jri^ — n* na h^m^ — n* — na , ,, 

—- = — ; whence the position 

mm m ^ ^ 

of F is known. From the above it is observable that, as DF 
must be a real positive quantity (by the question), this 
method of solution can only be of use when m is greater 

than w, and ^Vm' — »% also greater than na : for in all other 
cases the boat will be able to come up with the ship. 

The same solved without impossible roots. 

2mnT (f^'—'b^^m^ 

In the equation (1) or a:' ^ = -1-— — let 

m^ — n' m — n* 

half the co-efficient of a? = .^, and the second member of 
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the equation = B, .'. o?^ — 2 Ax = B. Now let a? = ^ + y 
.-. ^ — 2 Ax = y* + 2 Ay + A"" — 2 Ay — 2^' = y» — -4* 
= B, /. y' = 5 -f -4% and by substitution, y = B -{■ A^ = 
(r^ — y) m* mVr^ _ mVr^ + (y*' — ^') ^^ (w>* — ^') 

= 7-5 ^TT ^ .•. w^r* — 6'«i* (m* — w*) = 

(nr — nr)^ ^ ^ 

(»»' — » )yS and therefore we find r«=-^^ '-^—^ — : — ^^ - 

which is evidently a minimum when y^ or y = o, ,\ r = 

and a: = /— r r as before. 



PROB. (27.) TO FIND SUCH A VALUE FOR X AS VV^ILL 

MAKE b (X a)' A MAXIMUM. 

Let 4* — {z — a)x = r^ .*. b — a:' + ^or — «« = r, and .•. 
ar' — 2ax = 6 — a' — r. Solving this quadratic we find 

x = a -j^^b — r, and here it is evident that r cannot be 
greater than b; therefore when r = max. we must have 
r = 6, .'. a? == a. 

The same solved vnthout impossible roots. 

In the equation a^ — 2ax = i — a' — r, let a: = y -{• a 
.•. m? — 2ax = y« + 2ay + a* — 2ay — 2fl' = y* — «* £= 
ft — a* — r, .•• r = b — y* which is evidently a maximum 
when y* or y = 0, .\ r = b and a? = a as before. 
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PROB. (28.) TO FIND SUCH A VALUE FOR X AS WILL 

X 
MAKE - — ; A MAXIMUM. 

1 + a:« 

X 1 -J- x^ 

Since ^ = max. .•. ^ = min. which let = r, there- 

1 4-^ ^ 

fore 0?' — r X = — 1 . Solving this quadratic we find x = 

T / T^ ... T^ 

U V — — li and here it is manifest that r or — cannot 

be taken so small as to be less than 1, therefore when r = 

r* J r 2 

min. we must have — = l, /. r = 2 and a: = -~ = -— = 1. 

4 2 2 

The same solved tvithout impossible roots, 

T 

In the equation a?' — ro? = — 1, let a: = y H and there- 

tjf!^ yA A.9 

fore ar^ — ra? = ^* + ^H 'HI — — = y* = — 

4 i& 4 

1, ••. — = y* + 1, which is evidently a minimum when y = o^ 

He 

r^ , r 2 

.". -— = 1, .•. r = 2 and a; = — = — = las before. 
4 2 2 



PROB. (29.) TO DETERMINE FOR WHAT VALUE OF X THE 
EXPRESSION a* + h^X C^X^ BECOMES A MAXIMUM. 

Here a* + b^x — c«a:« == c» ^^L -f __ a? — a?*^ = max. 



a* . &» . ,• . o 



or ~ + -- a? — a;' = max. Now since -— is a constant 
c c* c 

b^ 
given quantity, we must have -^ x — a?« also = max. which 



c" 



let == r, .•. -^ a: — a:'* = r, or x" j- a? = — r. Solving 

c c 
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this quadratic we find a? = 1- v ^j ai^d here it is 

2c' 4c* 

evident that r cannot be greater than — and therefore when 

r 18 a maximum we must have r = — - and a? = — . 

4c* 2c« 

Tlie same solved without impossible roots. 
In the expression x'^ a; = — r let a? = y -| and 

c i&C 

ft' y 6^ j3 j(5 

therefore iP' r^ = y'H s VH V = 

Ifi ¥ 

y* = — r .\ r = — — y' which is evidently a max. 

4c* 4c* 

b^ 
when y = Oy.\w = — as before. 
^ 2c« 



PROB. (30.) TO DETERMINE SUCH A VALUE FOR X AS MAY 

MAKE THE EXPRESSION a + Va' 2a^X + fla:' A MINI- 
MUM. 

Here it is evident that o is a constant given quantity, and 
consequently Va* — 2a^x -\- ax^ or its cube a^ — 2a^x + ax* 
must also be a minimum. Again as a is also a constant given 

quantity we must have ' = o' — 2ax -[- ar' = 

a 

min. which let = r, .'. a?* — 2aa? = r, — a«. Solving this 
quadratic we find a? = o + V r, and here it is evident that 
when r = min. it must be = o, .'. x = a. This problem 
may be solved without leaving out any constant given quan- 
tity in the following manner, which is more elegant — 

Let a + 'Va* — 2d^x + «^' = ^^ •'• «' — 2a'ar + «^' = 

(v """ (i\^ ^~— o' 
(y. — a)3 ,-, X* — 2ax = ^^ . Solving this quad- 
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ratic we find ^ = a + V Here it is evident 

a 

that r cannot be taken less than a^ because this supposition 

makes the root impossible : therefore when r = min. it must 

be = o, .'. a; = o as before. 

The same solved without impossible roots. 
In the equiation x^ — 2ax = ^ ^ let a? = y + a 

/. X* — 2aw = y' + 2ay + a« — 2ay — 2a* = y« — a' = 

fr ay a' 

/. (r — ay = ay^^ .% r = ahyl -[- a, which is 

a 

evidently a minimum when y = o, .% r = a and a: == a as 

before. 

PROB* (31 •) TO FIND THAT NUMBER X WHICH, BEING 
MULTIPLIED BY THE SQUARE OF ANY GIVEN NUMBER a, 
AND THE PRODUCT DIVIDED BY THE SQUARE OF THE 
DIFFERENCE OF U AND Xy THE QUOTIENT IS THE GREAT- 
EST POSSIBLE. 

The product of the square of a and the required number 

X = o% and the square of the diflFerence of a and x = 

(^a — x) '. Therefore the quotient which is to become a 

a^x 
maximum is l. Since the reciprocal of a maximum 

(a — xy ^ 

must be a maximum, we must have ^ — ^ «= min. which 

a'^x 

let = r, ••. (a — xy = a^rx or a' — 2ax -{- x* = a*rxy .•• a:' — 

(2a + aV) x = — a* or a;* — a (2 + ar) a? = — a*. 

Solving this quadratic we find, 

_ a(2 + ar) . / 4a* + 4aV + aV — 4a* 

2 "■ 4 

_ a(2 + ar) , / a\4r + ar^ 

— g "TV T . 
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Here it is evident that when r is a minimum it must be = 
Oy .\ X = — = a. In this problem impossible roots are not 
required at all. 

The same solved vnthout impossible roots in another way. 
In the equation ar' — o (2 + «^) ^ = — a* let a? = y -}■ 
g(2 + ar ) ^^^ ^, _ ^ (2 + «r) a; = y' + a (2 + «r) y + 

4 — g(2 + gr)y ^— J — L = y« ^ | ^ 

= — a\ .'. we find a' (2 + ar)' = 4y' + 4a% /. r = 

2>\/v' + a* 2a . 

which is evidently a maximum when y = o, 



a« 



.•• r = — =0, and a? = a as before. 



PROB. (32.) TO DETERMINE THOSE CONJUGATE DIAME- 
TERS OF AN ELLIPSE WHICH INCLUDE THE GREATEST 
ANGLE. 

Call the principal semi- diameters of the Ellipse a, b, the 
sought semi-conjugates ^ and a?* and the sine of the angle 
they include = y. Then by conic-sections we find 
a;* + a?i = a' + &» .•. a?» = Va» + 6' — a?* and a;^iy = ad 

,•,«/== — - and therefore y = — == = min. Here 

it should be remarked that when we desire to find the 
greatest value of an angle we may proceed to find the least 
value of its sine, for the angle is greater and greater as it is 
more obtuse, and the sine of an angle is the less the greater 
is its obtuseness. It is for this reason that we have put y, or 
the value of the sine of the greatest angle, equal to minimum. 
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Now, omitting the constant given quantity ai, and inverting 
and squaring the function, we find (a*-f"^') ^ — rc^ = max. 
which let = r, and therefore z^ — (a* + i') a:' = — r. Solv- 

mg this quadratic we find x^ = — ^ — + y ^ — 1- — '- r 

and here it is evident that r cannot be taken greater than 

^ — ^ — '— and therefore when r = max. it must be = 
4 

\ ! L ,•, a? = V • — • 1^1 the solution of this pro- 

blem that property of the Ellipse is made use of which has 
not been demonstrated in the Introduction. 

The same solved tvithout impossible roots. 
In the equation x* — (a' + *') ^* = — ^> let ar* = y + 
2lili.', and .-. cT* — (a« + 6') a:« == y« + («» + J«) y -f 

(^i±iT _ (,, + J,) y_ (?i±i!r _y,_ (fi+ii- 

= — r, and therefore r = — -i- — ^^ y% which is evidently 

, »«' + *' ^ /a' + b^ 
a maximum when y=-o. .*. a?' = — ■ — or a? = V ' — 

as before. 

Now as t« == — == we must have by substitution 

x^/a^ + b^ — a/^ 

oft ab 

^~ Vg' + &^ ya" + 6" — g^+fe' ~ V ^M^ y ^H^ 

oft 2qft 

~ a' + ft« ~ oM^'* 



H 
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PROB. (33.) GIVEN THE EQUATION t/^ 2mxy -[- 0?' = «' 

TO DETERMINE SUCH A VALUE OF X AS WILL MAKE y 
A MAXIMUM. 

From the given equation, in which m is less than unity, we 
find X* — 2fnyx == a' — y% and solving this quadratic we 
find iv = my± Va' + (m«— 1) y* = my ± Va'— (1— m«)y\ 
Here it is evident that y cannot be taken so great as to make 
(1 — 7^«) yi greater than o% and therefore when y = max. 

a 
we must have (1 — m/^) y' = a% /. y = .., and x = 

ma 



Vl — m 



Th£ same solved vnthout impossible roots. 

In the equation z^ — 2myx = o' — y^let x = z + my, 
.". a?' — 2myx = s^ 4- 2myz + m^y^ — 2myz — 2m^y^ = 
z'i _ mY = «' — y% .•• (1 — ni*) y^z=a^ — z^^ /. y« = 



a« — ;?' 



1 — m 



- which is evidently a maximum when z = o, .% y 



a ma 

- ., and X = , as before. 

VI — »»* Vl — w* 



PROB. (34.) IN A GIVEN CIRCLE TO INSCRIBE THE GREAT- 
EST RECTANGLE POSSIBLE. (Fig. 27.) 

Let AC he the rectangle, and EF a diameter bisecting 
BC, OG = x and radius = o, then (Euc. Ill and II.) EH= 
OF; also, BO = Va» — x^ .-. BC = 2B0 = 2 Vo' — x^ 
and HO = 20G = 2x .*. rectangle AC = 2a? >< 2 Va* — ^« 
or 4a: V a' — a:* = max. and therefore the square of the 
fourth part of this rectangle, viz. a'a?' — x* = max. which 
let = r, .*. a;* — aW = — r. 



( 51 ) 

Solving this quadratic, we find a:« = — -f V — — r, and 

here it is evident that r cannot be greater than — and there- 

4 

fore when r is a maximum it must be = — .*. x* = — 

4 2 

a 

and X = -=-• 
V2 

The same solved without impossible roots. 
In the expression a^.2?' — a;* ==: max. let a?' = y + 

— ••. a«^* _ ^* = o'y + - _ y« _ a'y _ « =r _. _ y« 

which is evidently a maximum when y = o, and therefore o^ 
= -^ .\ x = -7— as before. 

iS V 2 



PROS. (35.) THROUGH A GIVEN POINT, WITHIN A GIVEN 
ANGLE, TO DRAW A STRAIGHT LINE, WHICH SHALL CUT 
OFF FROM THE ANGULAR SPACE THE SMALLEST TRI- 
ANGLE POSSIBLE, (Fig. 28.) 

Let P be the given point, A the given angle, and CB the 
line required. Draw PF and CE perpendicular to A S, and 
PDy parallel to ^C: then, since the angle A and the posi- 
tion of P are given, ADy DP and PF are also given. 
Let AD =^ayDP=^ J, PjF= c, and AB = x i 
then BD I DP : : BA I AC \ 
and DP:PF::AC:CE J^^^^- ^*^ ^I') 
From proportion i&rst we find BD : BA : : DP i AC, or 

C^P V DP 
AC = ^y^ — and from the second proportion AC = 

CE X DP BA y DP _ CE X DP BA_^CE 
TF '• BD PF '^^ BD~PF^'^ 
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a» + b^ , 

= = Va' + *' = -^C^, /. the sum of the perpendi- 



Va« + b' 

culars^ when a maximum = the hypothenuse of the original 
triangle. 

The same solved without impossible roots. 

In the equation or — — x = — ~- let a: = y + 

a +6 ^ + b 



fl« 4- j« o« + A« ^ • o« 4- 6« ^ • (a» + A«)« 

2aV 2aV' , oV (d'*— r')a' , 
I y = w' = .i i — and 

a» + A« ^ {a' + ¥y ^ (a« + by a' + 6« 

therefore ^'^'^^^ + ^'-^) -V- -r^-aMy yV + ^)' 

which is evidently a maximum when y = 0, .•. r* = a* + 6% 

/ — o* 

/, r = V a' + 6' and a? = , — as before. 



PROB. (37.) TO FIND THE POSITION OP THE SAME TRI- 
ANGLE ABC (see last Fig.) when the sum of the 

SURFACES OF THE TWO TRIANGLES ADB AND CBE IS 
A MAXIMUM. 

It has already been shown that, i{ AB = a, BC = b^ and 

b 

DA = a?, then DB = Vo' — a?» and CE ^ — (o» — id")^ ; 

Now BA : ^D :: CBi BE, by similar triangles, or, a : a? : : 
6 : BE = — a?; 

... ^M + BEC = d^_^ + 5^^ 

X i . i ^ b , 



1L9 

= fi + 2^J ^ Va' — s^ = max. 
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and as i + — ^ is a constant given quantity, we must also 

have X Va* — a?' = max. or its square o'o?' — ar*= max. 
which let = r, /. x* — a^x* = — r. Solving this quadratic 

we find, a?' = — + a/ r, and hence it is evident that 

r cannot be greater than — and therefore when r is a maxi- 

4 9 

mum it must be = — .•. x^ = -— and x = -—= = AD. But, 

4 2 V2 

BD = Va' — x'' = V a' — -^ = -7=^ = ^A ••• the angle 

2 V 2 

^jBC is half a right-angle. 

The same solved withovi impossible roots. 
In the equation aV — a?* = r let ^'= y + — and therefore 

fl* a:* — 4?* = a'y + — — y' — a'y = — — y' which is 

evidently a maximum, when y = o, .*. ^' = r- and a? = -yn 
as before. 



PROB. (38.) A STRING ABE OF A GIVEN LENGTH, IS FIXED 
AT Ay ONE EXTREMITY OF THE DIAMETER OF A CIRCLE, 
AND WOUND ROUND PART OF THE ARC AB. THE 
REMAINDER OF THE LINE, BEING STRETCHED OUT INTO 
A STRAIGHT LINE AND TERMINATING IN THE DIAMETER 
produced; to find the radius of the SEMI-CIRCLE 
SO THAT THE AREA BDEy INTERCEPTED BETWEEN THE 
PRODUCED PART OF THE DIAMETER, THE ARC BD, AND 
THE STRING MAY BE A MAXIMUM. (Fig. 30.) 

Let I = the length of the string ABE, 
X = variable radius BC; 
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Then from the well-known properties of the circle 

Sector ACB = ^ ; and semi-circle = ^, 

where p = circumference of a circle whose diameter is unity. 

We therefore find BDE = Sector ACB + triangle CBE — 

semi-circle. 

_ AB X ^ _, BE X X px^ 

"" 2 "*" 2 2 

_(AB + BE).-p.^^^^^^_^^^ 

I 



= ip( — ^ — ^M = max, and since 



ip is a constant given quantity, we must have also — a? — x* 

P 

«= max, which let = ?•, /. — x — a?' = r, and a?* x = 

P ^ 

/ / /a 

— r. Solving this quadratic we find x= — + v ^> 

and it is manifest that r cannot be greater than — -, and 

4p^ 



consequently when r = max. we must have r = — ^ .*. x = 

— or radius = — and therefore I = 2p X radius = p dia- 
2p 2p r i- 

meter = circumference ; and hence it appears that the radius 
is such that, if the circle were completed, its circumference 
would be equal to the length of the string. 

The same solved vnthout impossible roots. 

In the expression — x — x'^ = max. let a: = t/ -(- — and 

P 2p 

therefore — x — a?*=— a?-| — y* x — — ; = 

p p 2p* p 4p* 

— y* which is evidently a maximum, when y ^=^ o and 

therefore a; = — as before. 

2p 
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PROB. (39.) GIVEN A POINT J, IN THE RADIUS BC, OF 
THE SEMI-CIRCLE DEB; TO FIND THE POINT E AT 
WHICH, IF A TANGENT EG BE DRAWN, THE ANGLE 
AEGf FORMED BY AE AND EG^ SHALL BE A MINIMUM. 

(Fig. 31.) 

Let C be the centre, CA = a, AE =: ar, CE == i, the 
angle CEA = y. 

Then, since CEG is a right-angle, and, therefore a con- 
stant quantity, it follows that, when AEG is a minimum, 
AEC is a maximum; and the problem resolves itself into 
the determination of E when ^ is a maximum. Now, by 
prop. 13th of the 2d book of Euclid and by principles of 
TVigonometry we find a* == 6* -j- ar* — 2bx cos y, and there- 

J« J_ j;« d* 

fore cos f == 2--t . But y is always less than a 

right angle ; hence when ^ is a maximum, cos f will be a 
minimum ; 

•'• — 'oh '^^ ™^^* ^^^^ ^^^ ^^^^ ^9 

.•. 6* + «« — a' = 2b3Pr or a?' — 2brx = a' — b\ Solving 

this quadratic we find x =^hT -V'J iV — d* -f ^^ *^d it w 
evident, by inspection of the diagram, that CB is greater than 
CA .*. V^ya^ and a* — &• = a negative quantity, which let 
= — P^ .\ x=' br + VAV* — P', Now it is clear that r 
cannot be taken so small as to make &V^ less than P*, and 
therefore when r = min. we must have dV = P« = 6« — a* 

A /6« — a' J r r / b* — a" 
and r == V t;: — a>^d x = br = b v ; = 

Vi« — a« or A' = a« + a:* or CB' = C-4« + iiJB«, and hence 
it appears that CAE is a right angle. 
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The same solved without impossible roots. 

In the equation x* — 2br = «• — A* let « = y + Jr 
.'. a?" — 2brx = y* + 2hry + 6 V — 2bry — 2iV* = y* — 

iV = a« - 6» = — (ft' — a') /• r' = 3^' + ^]""^' which 

is evidently a minimum when y ==: o^ .•• r* = .-, r = 

V 

y — -^ — = -^ V ft' — a' and ar = ftr = V ft* — a* as 
before. 



PROS. (40.) TO FIND A POINT D, IN THE SEMI-CIRCLE 
ADBy SUCH THAT THE SUM OF THE DISTANCES AD -{• DP 
MAY BE A MAXIMUM; P BEING A GIVEN POINT IN THE 
RADIUS BC. (Fig. 32.) 

Let D be the required point : draw DE perpendicular to 
AB; also, let AC = ay AE = x. Then by prop. 35, 3d book 
of Euclid we find, DE* =^2ax — a?\ therefore PD = 
^/DW^^{^EP^= ^2ax — ar* + (a+ft — xY = V(a+ft)»— 2ftar. 
Now by prop. 8 of the 6th book of Euclid AD = ^IAB X AE 
^ ^/2ax •'. AD + PD = V2ax+ V(a + b)*—2bx = maxi- 

mum. Let V2aa? = y .-. a? = J^ and 2bx = ^ and there- 
fore y + \ {a + by 1^ = max. which let = r, and con- 

a 

sequently (a + ft)' — *^=r« — 2ry + y^•. -5l±- y«— 2ry 

2ar a(a + by — ar* 
= (a+ft)«-r%and.-.y'-^-:^y= ^^ . 

, . z, J ar . ^/a{a+bY — abr* 

Solving this quadratic we find y = —jjt ± V Ca 4- ft V ~ 

and hence it is evident that r cannot be so great as to make 



J 
/ 



4 
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aW greater thah a (a + fc)% and therefore when r is a maxi- 
mum we must have abr^ = «(« + *)' •'• /• = V ' — "t 3 

ar , /a^ia + b) , v' a(a + *) 

and .-. y = — — r == V — ^^-T — ' and ^ = f- = -l_i--i; 

converting this into an analogy, we have 2 J : a : : a + i ; a?. 
From this it appears that if from AB we cut off AE, a 
fourth proportional to 2CP, AC and -4P, and through E 
draw £2> perpendicular to AB^ meeting the circumference in 

D, then D is the point required. Since x or AE = — ^ — , 

2b 

it follows that, as b decreases, x must increase, and that when 

6 = 0, :z; = — = infinity. This is no doubt a fair and legiti- 

o 

mate conclusion, when the value of x is viewed as an abstract 

formula ; it is inconsistent, however, with the nature of the 

problem before us, in which we perceive that a?, so far from 

admitting of indefinite increase, can never exceed the diame- ^ 

ter AB or 2a. This limit above which x cannot ascend, will 

naturally fix a corresponding limit, below which b cannot 

descend, to reach this we have merely to substitute for x its 

greatest value 2a in the equation x = -^ — - — I ; the resolu- 
tion of which will give the minimum value required ; thus, 

2a = -^ — ; — - .\ b = — : that is, the conditions of possibi- 
2b B ' ' ^ 

lity fix P between B, and another point distant from it, by | 

the radius of the circle. 

The same solved without impossible roots, 

• 1 ,» « 2ar aia + bY — ar* , 

In the equation y' — — -~r v = ■ — f— 7 let y = 

^ ^ a + 6^ a + b ^ 

ar a 2ar , , 2ar , aV 



a + 4 " a+b"" 'a+& '(« + *)« 
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2ar 2aV» . gV» __ a(a + 6)* — or* 

T+1 " — (o + by "" (a + *)• ■" o + 6 

and therefore r» = <a ^ by -{a ^ Vf :^ ^^^ .^ ^^, 

dently a maximum when z = o,.: r = — ^ ana y = 



J^ = J'^t+J} and^= i^ = ^^^ as before, 
a + 6 A 2a 2b 



PROB. (41.) OF ALL THE CONES WHICH CAN CIRCUM- 
SCRIBE A GIVEN SPHERE, TO FIND THAT WHICH HAS 
THE LEAST POSSIBLE SOLIDITY. (Fig. 33.) 

Let D mn and AEB be the circular, and triangular sec- 
tions of the given sphere, and the required cone the solidity 
of which is to become a minimum. 

Let CD =7 a = radius of the sphere* 

CE = r and Am = y = radius of the base of the cone. 
It is evident that the angle EDC is a right angle, and conse« 
quently the triangle EDC is equiangular and similar to the 
triangle EmA .•. Em : mA : : ED : DC or x ^ a i y ii 

Var* — a* ; a, and therefore y = / , J^ ^ .•. the area of the 

circle, which is the base of the cone = py* (where p = 
circumference of the circle whose diameter is unity) = 

P^y + f =pa* X , ^t"^* „ and therefore the soUd 

ar' — a^ (a + a?) {z — a) 

(x + a)* ^ 



contents of the required cone = /?«' X 



{x -j- a) (a? — a) 



X + a /?«' (^ + a)' . T . ^ . , 

— ! — = C— X -^^ — ' — - = mm. Let y = a? — a .\ x 4- 
3 S x — a ^ 

a:= y -j- 2a and, we, therefore, find ^-- >< - — ^ = ^ 

3 X — a 3 
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-J- .i— : L. = min. and since ^-— is a constant given 

quantity^ we must also have SMJJl — L = min. which let == r, 

y 

and therefore y* -j- 4ay -}- 4a' = ry /. y* + (4« — ^) y = 
— 4a«. Solving this quadratic we find y == + 

-s/S-ES _ 4a' = - 1^ + V^r(EEM and 

here it is evident that r cannot be less than Sa, and therefore 

when r is a minimum^ we must have r = 8a, and .*. y = — 
4L/K M_ 9* 4a 

= =: 2a and « = y + a = 3a /. Em = a? + 

2 2 ^ * • 

o s=s 4a = twice the diameter of the given sphere. Hence 

it appears that the altitude of the smallest cone which can 

be circumscribed about a given sphere, is equal to twice the 

diameter of the sphere. 

The same solved taithoui impossible roots. 

In the equation y' + (4« — t) y = — 4a' let y = r — 

4a — r % I ij. \ 'i fA \ I (4a — r)* 

— ^ •. y« + (4a — r) y = xr* — (4a — r) z + i — ^—L 

and therefore 42?' + 16a' = (4a — r)' = (r — 4a)' .% r = 4a 
+ V4j8r' +'16«*5 here it is manifest that when r is a mini- 
mum we must have z = Of and therefore r = 8a .•. y = — 

— - — = 2a and a? = y + a = 3a and Em = a? + a = 4a 

2 

as before. 
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PROB. (42.) TO FIND THAT NUMBER WHICH BEING ADDED 
TO ITS RECIPROCAL THE SUM IS THE LEAST POSSIBLE. 

Let X = number required and — = its reciprocal. 

X 

Now by the conditions of the problem we have x -\ = 

X 

min. or — ^3l— = min. which let = r, .*. a:* — r:r = — 1. 

X 



x= — ± V-i 1* 



Solving this quadratic we find a?= — + v ^^ ^^^ 

hence it is evident that r cannot be taken so small as to make 

r* 

— less than 1^ and therefore when r = min. we must have 

4 

-— = 1 •. r = 2 and or = — =1. 

4 2 

The same solved without impossible roots. 

In the equation a?* — r^ = — I, let a? = y + -j; ^'^d there- 

f^ y^ /•* 

forca;* — ra; = y' + ry + -- ry 3-=y' ~=— 1, 

4 z 4 

•*. r* = 4y' -[- 4 which is evidently a minimum when y = o, 

.*. r = 2 and a? s= -— = 1 as before. 

2 



PROB. (43.) AC AND £Z> BEING PARALLEL^ IT IS RE- 
QUIRED TO DRAW FROM C A LINE CXFsUCH THAT THE 
SUM OF THE TRIANGLES ACX AND BXY SHALL BE A 
MINIMUM. (Fig. 34.) 

If -4C = fl, AB = A, AX=^ Xy it is easily seen that the 
area of the triangle ACX is proportional to ax^ and that of 

BXY to ""^^ ~ ^^\ so that we have a{x+ (& — ^)n ^ 
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minimum^ and therefore x + ^ — = min. which let = r, 

X 

Solving this quadratic we find 

^ _ 2b + r . / 4b^ + 4br + r» — 86* __ 2b + r 
4 - '^ 16 4 

. /{4b + r)r—4b* 

and here it is evident that r cannot be taken so small as to 
make (4^ -{- r) r less than 4b*, and therefore when r = min. 

we must have r* + 4br = 4b* .•. r = Vs^* — 26 and ;p = 

2h + r 2& — 2A+V8i&^ 26 V"2" A i.. . j . 

:: = = = — ;: = — == wnicn deter- 

4 4 4 V2 

mines the line CXY* 

The same solved vnthout impossible roots. 
In the equation x* — ^ = let a? = y -| -L— 

.^^_^A±l-y..^b + r . {2b + r)* 26 + r 
2* -^ ^ 2 ^^ 16 2 

y — ^ ^ ^ = y'* _ : — J_i = —and therefore r 

8 16 2 



3SS Vl6y* 4" ^** — 26, which is evidently a minimum when 

y— . 26 + r 6 

y = 0, .•. r = VsP — 26 and a: = —4 — = -7^ as before. 
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PROB. (44.) TO FIND THE HEIGHT ABOVE THE GIVEN POINT 
A FROM WHENCE AN ELASTIC BALL MUST BE SUFFERED 
TO DESCEND FREELY BY GRAVITY SO THAT, AFTER STRIK- 
ING THE HARD PLANE AT B^ IT MAY BE REFLECTED 
BACK AGAIN TO THE POINT A, IN THE LEAST TIME POS- 
SIBLE, FROM THE INSTANT OF DROPPING IT. (Fig. 35.) 

Let C be the point required, and put AC^=Xy and AB = 
a ; then the spaces of falling bodies^ by the force of gravity 
being as the squares of the times^ we find CB = gf and CA 

= gfy where ^ == 16 feet nearly, and consequently t = -— = 

^/ g 

VCB and t' = -7= V CX and therefore / — ^' == -= VCB 

y 9 vy 

— -7= ^/CA = ~7= Vfl + 0? — "7= V a? = the time down 
V^ ^g ^ g 

ABy or the time of rising from B to ^ again : hence the 

whole time of falling through CB and returning to ^ is 

1 , 1 ^ 1 , 1 , ,- 

1 . •. 

= min. and as — =l is a constant given quantity, we must 

'>! 9_ 

have 2V'a -f- a? — ^ x = min. which let = r .*. 2^/a + a? = 

r -}- ^/lp* Now let ^/ w =y .•. a: = y* .*. 2^/a -(- y*==r + y 
and squaring both sides of the equation we find 4a 4" ^1^ == 

27* y' ^"~ 4fl 

r* + 2ry + y* and y' — "T ^ "^ — 3 — ' Solving this qua- 

dratic we find y = — + v * and here it is evident 

3 — 9 

that r cannof be taken so small as to make 4r* less than 12a, 

and therefore when r =^ min. we must have 4r' = 12a, and 

therefore r = V3a = VT^ Vi" and y = 5 = v -|- 

and ar s=^ y* = ~, that is AC = J -/IB. 
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The same solved toithout impossible roots. 
In the equation y' y= — — — let y = jgr 4- ~, 

therefore y' y •= z* -{ z A z — = 

r« r* — 4a 3r*— 12a , r' , 3r* 

9 3 9 9^9 

^ and 4r« = 9z* + 12« .-. r == V £fl±i£? which is 

9 4 

evidently a minimum when z = o .\r = V^ V^ and y = 
— = V Y ••• -J^ = y' = "I- as before. 



PROB. (45.) GIVEN THE HEIGHT OP AN INCLINED PLANE; 
TO FIND ITS LENGTH, SO THAT A GIVEN POWER ACTING 
ON A GIVEN WEIGHT, IN A DIRECTION PARALLEL TO A 
GIVEN PLANE, MAY DRAW IT UP IN THE LEAST TIME 
POSSIBLE. 

Let a denote the height of the plane ; a?, its length, p the 
power, and w the weight. Now the tendency down the plane 
is == gw sin. of the angle made by the length with the base 

of the plane =^ gw — = ^ — ^ where g = force of gra- 

^ - 

vity = 32^ feet, and the tendency up the plane == gp <.*• 
the whole motive power up the plane = fip — - — = 

^ ^ ^ ; but the mass resisting this motion \%p + Wy there* 

fore, the accelerating force for raising the weight upon the 
plane is equal to ^ . — r^. Now the space ascended = 
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^ _ ( j>x -■ aw)ff ^, ^.j,^,,^_ force .-. /' = ^P+i?}^ 



x' 



== min. and .•. = min. which let = r, and there- 

px — aw 

fore z* = prx — atvr /. x* — prx = — anrr. Solving this 
quadratic we find, x = —- + \ = ^ -J- 

V — '^^ — : \ and hence it is evident that r cannot be 

4 

taken so small as will make p*r less than 4aw, and therefore 
when r = min, we must have »'r = 4aw and r = — ;-- .•. x 

= "— = and .\ p iw :: 2a : X :i double the height of 

the plane to its length. 

The same solved without impossible roots. 
In the equation x^ — prx = — atvr let y = y + ^9 there- 

fore a?' — prx = y' + PH/ + P^ — ' — = y* — 

^-r- = — OM?^ ••• pr — 4awr = 4y* or r* r = -^ 

4 /?•/>« 

and therefore r = — r- + v T which is evi- 

jp' ^ p* 

dently a minimum when y = 0^ and .•• r = — 5- and x = 

pr 2aw , - 

~ = as before. 

2 p 



/ 
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PROB. (46.) A LARGE VESSEL OF 10 FEET^ OR ANT OTHER 
GIVEN DEPTH^ AND OF ANY SHAPE^ BEING KEPT CON- 
STANTLY FULL OF WATER, BY MEANS OF A SUPPLYING 
COCK, AT THE TOP; IT IS PROPOSED TO ASSIGN THE 
PLACE WHERE A SMALL HOLE MUST BE MADE IN THE 
SIDE OF IT, SO THAT THE WATER MAY SPOUT THROUGH 
IT TO THE GREATEST DISTANCE ON THE PLANE OF THE 

BASE. (Fig. 36.) 

Let AB denote the height or side of the vessel ; D the 
required hole in the side, from which the water spouts, in the 
parabolic curve Z)G, to the greatest distance BG, on the 
horizontal plane. 

It is evident that the velocity of the water descending 
from A to D with which it must spout out in the horizontal 
direction must be expressed by the equation v = ^/2ffs = 

VT" X VT ^/'J' = VT X ^/AD X V"^ (1) 

It is also evident that the time t in which the water spouting 

out from the hole at D must reach the ground, must be the 

DB 
same in which it may descend from D to B and t^ = -r— = 

_ iff 

2DB , V2 X ^/DB ,^. 
.-. / = 7= • (2) 

ff v^ 

Multiplying the equations (1) and (2) we find tv = hori- 
zontal space GB = 2^AD'DB = maximum, and supposing 
AB = a and AD = a? we find 2^/x(a - — a?) = 2^/ax — x* 
= max. and .\ ax — a;' = max. which let = r and therefore 

x'^ — aa? = — r. Solving this quadratic we find, a? = — + 



-J 



r^ and hence it is manifest that r cannot be greater 

4 



«• 



than — , and consequently when r = max. we must have 

4 
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— s=sr and a; = — • So that the hole must be in the middle 
4 2 

between the top and the bottom. 

The same solved without impossible roots* 

In the equation ax — a?* let a: = y -| , and therefore we 

a* a* a' 
find ax — iv^:=ay +— y* — ay --=:— y* which 

is evidently a maximum when y = o, /. a: = -- as before. 



PROB. (470 I^ "^^^ SAME VESSEL, AS IN PROBLEM 46^ 
STAND ON HIGH, IT IS PROPOSED TO DETERMINE WHERE 
THE SMALL HOLE MUST BE MADE, SO AS TO SPOUT 
FARTHEST ON THE SAID PLANE. (Fig. 37.) 

Let the annexed figure represent the vessel as before, and 
bG the greatest distance spouted by the fluid DG, on the 

plane AG. Here, as before, bG = 2^/AD'Db = 2 Va?(c — x) 
= 2^/cx — ^, by putting Ab = c, and AD = x. So that 
2^ ex — ^ or ex — ^' must be a maximum which let = r, 
and therefore x^ — ex = — r. Solving this quadratic we 

e /c* 

find, « = — + V ^ a^d hence it is evident that r 

' 2—4 

c* 
cannot be greater than — , and consequently when r is a 

4 

c* c 

maximum we must have r = — and therefore x=z — . So 

4 2 

that the hole D must be made in the middle, between the top 

of the vessel and the given plane, that the water may spout 

farthest. 

The same may be solved without impossible roots, as 

problem (46.) 



( 69 ) 

PROB. (48.) TO DIVIDE A NUMBER U INTO TWO SUCH 
PARTS THAT IF THE SQUARE OP ONE OP THESE BE SUB* 
TRACTED FROM THEIR PRODUCT, THE REMAINDER IS 
THE GREATEST POSSIBLE. 

Let X = one of the parts, and therefore a — x = the other 
part, .•• ax — ^* = product of the two parts, and x* = 
square of one of them, and therefore ax — x^ — a^z= ax — 

2x* = max. which let = r .•. «« x = . Solving 

this quadratic we find a? = — + V — — — — — -\- 
4 ~" 16 2 4 ~" 

V — 77 — 9 and hence it is manifest that r cannot be taken 

Id 

80 great as to make 8r greater than fl% and consequently 
when r is a maximum we must have a' = 8r and therefore 
a 

X 

The same solved without impossible roots. 
In the expression ax — 2x* or its half f — x — x*\ which is 

made a maximum let x = y -| and therefore -— ^ — a;* = 

4 2 

a . a^ , a a' a* • i.« t_ • 

— y A y' y = — — y* which is evi- 

2^^8^ 2^ 16 16^ 

dently a maximum when y = o, and .*. a? = —• as before. 



PROB. (49.) TO FIND IN THE LINE JOINING THE GENTREi^ 
OF TWO SPHERES FROM WHICH THE GREATEST PORTION 
OF SPHERICAL SURFACE IS VISIBLE. (Fig. 38.) 

Let npA and Dgs be two great circles of the two spheres 
in the same plane, AD their common tangent, and C and m 
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their common centres. Also let Cm =^Cy Cv =s a, torn = b, 

and CB = x* Now by similar triangles (prop. 8th of 6th 

book of Euclid) we have CB : CA : : CA : Cbj or x i ana i 

a* a* 
Cb = — .\bv = Cv — Cb=^a and dw = mw — dm 

X X 

b^ 

s=5 J . The surface of the spherical segment whose 

c— X 

height is it? = 2pa X bv (p = circumference of a circle 

a' J and the surface 

of the spherical segment whose height is wd = 2pb X md 
sssi 2p [V j and therefore the sum of the surfaces 

of portions of the two given spheres = 2p [a^ J + 

and since 2p is a constant given quantity, we must also have 
c* -|- i* — f 1 ) = max, which let = y, therefore 

\ iC C - X/ 

a* V 

1 = o' + *' "^ Q'* Here it is evident that when 

X c — X 

q = max. a* + A' — q must be a minimum which let = r, 

jxi. r «' I *' ca'+{b''—a')x . , . , 

and therefore = ^^ r~"^ = ^^^* which 

X c — X ex — X* 

let = r ... £^l+i^-=l^ = r. Now let x 



max. 



ex — a?' ' y + 1' 



C^ — x^ c* c* 



y + 1 (y + iy 

6» — c» + 2o» , aV + d' . , . &• — o' + 2a' 

==■ — ' H ^ = mm. and smce 

e ey e 
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is a constant given quantity, we must have — = min. 

cr b* 
which let = r, .'. a^y* -|- i» = cry and y* jV ^=^ ;• 

Solving this quadratic we find y = — + \ —5 

and here it is evident that r cannot be taken so small as to 
make cV* less than 4o*i% and therefore when r = min. we 

must have cV* = 4a^b\ .*. r = — ^-^ and y = — :==-?; 
therefore a? = — — 



y+i H ^^ <4+H 



al 



The same solved without impossible roots. 

cv b^ Cf 

In the equation y' — — y = _ _ let y = r + —, 

. • cr »4_^ «L ^^ ^ ^*^* 



z* 



c^r' b' . 4aV + 4a'*» , . , . ., ^, 
— -j^ = 5- /. r* = 5 which IS evidently 

a minimum when jt = /. r = —L-I and «/=—= — 

c ^ 2a» Hi 

.•. ^ := — J—- == , , ,- as before, 
y + 1 al + H 



PROS. (50.) TO FIND THE VALUE OF THE ANGLE 0? WHEN 

m SIN. {x — a) cos. a? = maximum. 

It is evident that m being a constant given quantity, we 
must have sin. (^ — a) cos, a? = sin. x cos. a cos. x — sin. a 
COS.* X = max. 

Now let COS. ^ = y,cos. a ss- A, and sin. a= Vl — b* = c 
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/. hy Vl — y* — cy* = c ^— Vy' — y* — y*j = max. or 

J . j« 

-* Vy' — y* — y' = max, which let = r, and therefore -- 
c c 

y* y*=^y* + 2y^ r + r* or — 1^ — y* ; 

c c c 

y» = — r\ But *' + c» = y + 1 — i* = 1, and therefore 
J_ y« _ *lzi2r£.' y» = - r» /. y* — (5« — 2rc') y*=— rV. 

Linn, this Quadratic we find 

, y — Qrc" , ^ / y — 4S«cV — 4rV (1 — c*) . . 

y 2 ± V j • • (1) 

Now c is the sine of a given angle^ /. c' must be less 
than unity, and consequently 1 — c* must be positive, and 
hence it appears that, excepting b\ all the rest of the terms 
in the numerator of the fraction under square root are 
negative, and for this reason we cannot take for r so great 
a value as will make 4AVr + 4r^c* (1 — c*) greater than i*j 
hence when r = max. we must have 
4rV (1 — c*) + 4iVr = b% and from this quadratic 

we find r* + -i ^ = . a /^ ir ^^^ therefore r = 

' 1 — cr 4c' (1 — c*) 

/i^T+^^^^A^ _ 6' &^ y 

V 4^. (1 _ cy .2(1 — c') ~" 2c(l — O 2(1 — c») 

= ^ ~ ^1 = ^ /, . — ;• Now from equation (1) we find 
2c(l — c*) 2c(l + c) 

^ ^ b^ _ 2rc* _ , b^c _ y ^ cos.' a 

y — 2 ^ ~ T+'c ~ 2(1 + c) 2(l + sm.a) 

2 

l-sin.«a ^ l-«!£:?=co8.» --2 sin. ^cos. -+cos.«ii 

2(l+sin.a) 2 2 2 2 2 

2 



a . a , 



a .. 1 ^- « 



V2 
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= COS. — COS. 45^ — sin. -=- sin. 45® = cos. (45 -I ^ but v 

2 2 \ ^ 2J ^ 



a ft 

= cos. X, .\x=: 1- 45". 



The same solved without impossible roots. 
In the equation y ■ — (6* — 2rc') y* = — cV let y^ = 9 

+ - — ~- .♦. y* — (6« — 2rc») y' = z' + (6' — 2rc') ^ + 
i^JZ^ _ (*. , 2,^) , _ (^' -/^^)* == ^ _ 

ir — -— --^ = — cV% .-. 42r' — i* + 4i Vr — 4r«c* = -. 4o V 

4cv (1 — c') + 4AVr = J* — 4^, but 1 — c* = ft» and .% 

r^ -X^r :=^ - — 575—* Now since r =p max. we must haye 
4(ro* 

r' + ^ = ni*^- or i^s equivalent — ^ must be = ma^i. 

b^ 
which can only happen when z = o .\ r* + r = , 

4c*6* 

Solving this quadratic we find r = v Itl ^ = 



ic-i=; 



2c 2c 1 + c 2c{l + c) 2c(l+c) •• 

j« . A' 2rc* 

. Now from equation y* = ^r -j where 



2c(l+c) * -^ • 2 

^ , , &» — 2rc* 6» — 2JV« 6« 

^ = 0, we find y = — ^ 2-^(1+^ ^ ^ITM 

as before. 2 

This is the solution of the problem^ to find in what direc- 
tion a body must be projected with a given velocity, that its 
range, on a given plane, may be the greatest posi^b}f3. 
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PROB (51.) TO FIND X WHEN ^ IS A MAXIMUM. 

Since a* is a constant given quantity we must have 
x[a — x) =ax — x'^= max. which let = r /. x' — ax = — r 






and solving this quadratic we find. 

It is manifest that r cannot be greater than — and therefore 

we must have r = — when it is a maximum. .*. x = — . 

4 ' 2 

The same may easily be solved vnthout impossible roots* 

This is the solution of the optical problem^ to determine 
the position and magnitude of the least circle of aberration. 



PBOB. (52.) A REGULAR HEXAGONAL PRISM IS REGU- 
LARLY TERMINATED BY A TRIBEDIAL SOLID ANGLE 
FORMED BY PLANES^ EACH .PASSING THROUGH TWO 
ANGLES OF THE PRISM; FIND THE INCLINATION OF 
THESE PLANES TO THE AXIS OF THE PRISM, IN ORDER 
THAT, FOR A GIVEN CONTENT, THE TOTAL SURFACE MAY 
BE THE LEAST POSSIBLE. (Fig. 39.) 

Let ABCabc be the base of the prism, PQRS, one of the 
faces of the terminating solid angle passing through the 
angles P, 12. 

Let 8 be the vertex of the pyramid. Draw 80 perpendi- 
cular to the upper surface of the prism. Join OM, RP, SQ 
intersecting each other in N. Then it is easy to see that 
MN=NO and consequently SO = QM^ and, as the triangles 
FOR, PMR are equals so that, whatever be the inclination 
of 8Q to ON, the part cut off from them is equal to the part 



( 75 ) 

included in the pyramid SPRy and the content of the whole, 
therefore, remains constant. We have then to determine the 
angle ONS^ or OSN, so that the total surface shall be a mini- 
mum. Let ABf the side of the hexagon, '= a^ APy the 
height of the prism, = J, OSN = 9. Then ON = MN= ia, 
and SN = ^a co. sec. 8, and QM = ^a cot. 9. The surface 
APBQ ia (2b — ia cot. 9). The surface PQRS == PR X SN 

= -^ CO. sec. 9. Whence the total surface of the solid is 
2 

Sa (2 J cot. 9) + -^^ CO. sec. 9 = 6fli — — - cot. 9 + 

— B\ CO. sec. 9 = 6ai H (3^ co. sec. 9 — cot. 9) = min. 

and therefore V 3 co. sec. 9 — cot. 9 = min, which let = r. 

Also let cot. 9 = a? and .•• co. sec. 9 = Vl +4:* .•. V3 + 3«* 

— a; = r, and therefore 3 + 3ar* = jc* -(" 2ra? + r' and x* — 

7*' — 3 . . . T 

rx = . Solving this quadratic we find a? = [- 



^ 



3|.a 6 

and it is now evident that r cannot be taken so 

4 

small as to make 3r' less than 6, and therefore we must have 

/— r 1 

3r* = 6 when r =r min. .*. r = V 2 and a; = —- = ^-^ or 

cot. 9 = -7=? and tan. 9 = V 2~^ Hence tan, SiJJV = -7=:, 
V2 v2 

and SBQ = 2|.. 

7%e ^me solved without impossible roots. 
In the equation a?* — r^; = . let a? = y + — - .*. a:* — 

T^ T^ T^ T* "— 3 

»'« = y* + ry+ -^ — ry — 2"'^^*"~T~ ""2 — ** 

4w* + 6 
4y' + 6 = 3r* and r* = ^ which is evidently a miqi- 



( 76 ) 

mum when yr=:o.\r= V-r- = VT and x =^ rr- = 7^ 
, p 3 2 V2 

as before. 

This is the celebrated problem of the form of the cells o( 
bees. Maraldi was the first who measured the angles of the 
faces of the terminating solid angle, and he found them to be 
109° 28' and 70° 32' respectively. It occurred to Reaumur 
that this might be the form, which, for the same solid con- 
tent, gives the minimum of surface, and he requested Koing 
to examine the question mathematically. That Geometer 
confirmed the conjecture — ^the result of his calculations 
agreeing with Maraldi^s measurements within 2'. Maclauren 
and S. Huillier, by different methods, verified the preceding 
result, excepting that they showed that the difference of 2' 
was owing to an error in the calculations of Koing, and not 
to a mistake on the part of the bees. 



l?ItOB. (53.) to FIND SUCH A VALUE FOR X AS BIaV MAlt£ 

X 



(u + a?) {b + x) 



A MAXIMUM. 



It is evident th^t when 7 — ; — r-r— ; — - = ma)c. we must 

(o -\-x)(b-\' x) 



We <° + ^^^^ + ^) = mm. and ,. «^ + f« + ^)^ + ^' _ 

X X 

min. or a + 6 H i — = min. and as a + i is a constant 

X 

given quantity) we must also have — — — = min. which 

X 

let == r .*. a?* — ra? = — ab. Solving this quadratic we find 

4. s— ^ -|- V fl*> and he)re it ts evident that r cannot 

2 4 

be taken so small as to make — less than — and therefore 

4 2 
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when r = min. we must have -r- == ah^ ,\ >•= 2^/ab and a? =a 

4 

r / — 

7%6 ^ame solved without impossible roots* 

T 

In the equation x'* — rx s=z — aft let ^ = y + -~- 

«»9 mS *«S 

.\^' — nr = 2^« + ry+ ry _-=y«— — == — ad 

/. r* = 4y* + 4cft which is evidently a minimum when y = o, 

/, r = 2^/ab and a: = — = VaA as before. 

This is the solution of the dynamical problem, to find the 
magnitude of the body which must be interposed between 
two others, so that the velocity communicated from the one 
to the other shall be a maximum. 



^ftOd. (54.) THE DIFFERENCE OF TWO NUMBEItS BEINO 
GIVEN, TO FIND IN WHAT CASE THE THIRD PROPOR- 
TIONAL TO THE LESS AND THE GREATER OF THEM IS A 
MINIMUM. 

Let a = the given difference of the two numbers, a? = 

greater number, and therefore x — a = the lesser number* 

x^ 

We now have a: — a : a: : : cc : -^ == the third propor- 

X — a 

tional required = min. which let = r, .*. x^ — rx = — ra. 
Solving this quadratic we find a? = — + V = — 

i V — (^ — 4a), and here it is evident that r cannot be 
4 

taken so small as to become less than 4a, and consequently 

f* 4a 
when r = min. we must have r = 4a, .•. a; = —- = — = 2a 

2 2 
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as greater number^ and the lesser number = a? — a as 2a — a 
^!s, a. Hence it appears that the third proportional required 
is the least possible when the greater number is double the 
lesser number. 

The same solved tvithout impossible roots. 
In the equation ^ — ra? = -— ra let a? = y + — and 

A»^ Ijl^ «•• 

therefore a;« — rar = y' + ry + - ry— -- = y* -- 

4 4 4 



— s — yo, /. r' — 4ra = 4y* and r = 2a + V4y' -f- 4a* which 

is evidently a minimum when y =» o^ /• r = 4a and :c xae — 

— cttt 2a as before. 
2 



PBOB. (55.) THE CONTENT OF A CONE BEINO GIVEN, FIND 
ITS FORM WHEN ITS SURFACE IS A MINIMUM. 

X the altitude, and y the radius of the base. 
Let ^— be the given content = .*. ^—^. 

Then u = surface = convex surface -f- base. 
But convex surface = sector of circle, of which the radius 
is the slant side, and the arc the circumference of the base of 

a» 



cone, .*. u = w Va;* + y' + py'* But y' = — •*• y' + a:* 

X 

= — .•. n =pai i V — ■ —-^ f = mm. Now 

as pa^ is a constant given quantity we must have 

^ ' ^ s= min. which let = r, and .*. 

a? ' 

^ /a* + ^ + al- J / a . , , 

^ — ! 2- = r^ and Va" -f- a?» = rar — af; squaring 

both sides we find a' -{- a?' = rV — 2rdra| + a% and there- 
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fore a?' = r*a? — 2a^ and a?* — r*ar = — 2ra|. Solving this 

quadratic we find iP = -r^ + V ~^ r *^d l^ere it is 

evident that r cannot be taken so small as to make r* less 
than 8fl4, and .*. r* == 8a|- and r = 2ai /. r* =^ 4a and x ^ss, 
r* 4a 

7^ same solved mthout impossible roots. 
In a?* — r«a? = — 2ra| let or = y -| and therefore 

a?» — r«ar = y« + r'y + r'y — — = y« — £- = — . 

2ra4, /. r* == 4y* + Srof which is evidently a minimum 
when y 5=5 0, /. r* = 8ra| and r = 2a J and r' = 4a 5 there* 

r* 

fore 0? = -:r- s= 2a as before. 



Chapter II. 

PROBLEMS OF MAXIMA AND MINIMA IN THE SOLUTION 
OF WHICH CUBIC EQUATIONS ARE USED. 

Before reading this Chapter the article on " Reduction of 
Equations/^ in the Introductory Chapter, must be studied 
with great care, for this reduction is effected in almost every 
problem which follows. 

PROB. (1.) WHAT IS THE FRACTION, THE CUBE OF WHICH 
BEINO SUBTRACTED FROM IT, THE REMAINDER IS THE 
GREATEST POSSIBLE. 

Let X = the fraction required, and the greatest remainder 
= r, .". a: — a? = r and a?' — ^ = — r, .*. a?' — x •\- r ^= o. 
In order to solve this problem merely by means of quadra- 
tic equations, let one of the negative roots of this cubic 
equation = — a, and it is evident x -{• a must exactly divide 
x^ — X '\- r '==^ 0, and therefore the following process is 
obtained. 

x + aj x^ — x + rz:;=:o [jc* — ax + o^ — 1 = .. (A.) 

x^ + ax* 

— ax^ — X 

— ax^ — a^ X 

ia' — l)x + r 

(a* — 1) 0? + a* — a, /. r must be = a» — a, 

and .'.a' — 1 = -^ ,•. by equation (A) we find a?* — ax 

a 

+ — = Oj and ^ — X a^=^ . Solving this quadra- 

a a 



tic we find a? = — -^r U and here it is evident 

2 ~ ^ 4a 
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that the greatest value of r is when a» = 4r =s 4a» — 4^ 

.•. a = ~F= and x = -r- = -7= = the required va- 

V3 2 V3 

lue of ^. 

The same solved without impossible roots. 

In the equation x* — or = — r — let ;p = y + — .•.«'—? 



ax 



^* #»* j»* 



a' 
,•. r = flfy*, which is evidently a max. when y = 0, .*. 

4 

a' 
r == — ; but r = a' — a, /. 40* — 4a = a% /. 3a' = 4a 
4 

^nd a = — =• .', 0? =s --• = , as before. 
V 3 2 V 3 



PROBf (2.) WHAT IS THE FRACTION Tn% CUBE QF WHICH 
BEING SUBTRACTED FROM ITS SQUAR^^ THE RE^AINPBR 
IS THE GREATEST POSSIBLE. 

Let X = the fraction required, and the greatest remainder 
= r, .*. a^ — a?' = r .*. 0?' — ar* = r— r, or a?* — or* -f ^ = 0. 
In order to eleminate the second term of this equation, let 
as = y + i and by this substitution we findj 

^=(y + iV = y' + y'+iy + '^ 

r = -j- r. 



.-. 0?' — .a?« +• r = y» — Jy + r — — = 0. Let 
one of the negative roots of this equation = — a, .•. 

M 
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2 

y + «J y'—iy + r— -^=0 Ly' — oy 4.a» — J = o..(A.) 

y^ + gy' 
— «y' — iy 

— ay* — a*y 



(«'-*) y + «'--|- 



a 2 



V 



which must also be greatest. 

From this equation a* — i = —and therefore from equa- 

tion (A.) we find y' — oy + — = o, .•. y' — ay = . 

a /a' — 4r* 
Solving this quadratic we find y = -^ + V — 7 , and 

here it is evident that when r' = greatest quantity possible^ 

4a 4 2 

we must have a = 4r = 4a' — rr •'• 3a* =s -— .•, a = -zr. 

3 S3 

This problem may be solved without eleminating the se- 
cond term of the cubic equation^ in the following manner. 

Let one of the negative roots of the equation a?' — .r* + 
r = = — a, and therefore — 
X +.aj 0?' — a?* + r = o {jm* — (a + 1) a:+«'+ « = ©. . (A.) 

— («+ 1) a^' + r 

— (a + I) ar* — a (a + 1) a? 



(a* + a) 0? + ^ 

(a' + a) a: + a (a*-|-a) 

— .'. a (a* + a) 

T 

= a' -f a* = r, and a* '\- a=^ — and therefore from equa- 

T 

tion (A.) we find x* — (a + 1) a? H = or a:* — (a + 1) a: 

a 

= — —. Solving this equation we find x = — ^ — + 
a 2 
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/ a(g+ ) r ^^^ jj^j.^ j^ jg evident that when r ==s 

4a 

greatest quantity possible, we must have tf(a + l)*=:4r^ 

4a* + 4a* ••. a' + 2a + 1 = 4a* + 4a or a = J and x = 

a + 1 , ^/a(a+l)»- 4r i + 1 , „ . ^ 

^ + V ^ \^^ = ^-y- + = § as before. 

7%6 tfame solved without imposatble roots. 

T^ a 

In the equation y* — ay = let y = -zr + -r- and 

a iv 

a* a* 

therefore y* — ay = 2r* + a-2r4--- ozr -- = r* — 

a* 7*' a^ 

— =- /. r* = ozr* which is evidently a max. 

4 a 4 ^ 

, . a^ ^ ^ . . a a* ,« 

when jzr = 0, /. r = — , but r' = a* —, .•.—- = a* — — 

4 3 4 3 

.-. 3a» = -— and a = §. Now y = — - = J and ir = y + i 
= I as before. 



PROB. (3.) TO DETERMINE THE DIMENSIONS OF THE 
LEAST ISOSCELES TRIANGLE ACD THAT CAN CIRCUM- 
SCRIBE A GIVEN CIRCLE. (Fig. 40.) 

Let OS = the radius of the given circle = a, and Do = 
the distance of the vertex of the triangle from the centre = «•. 
Now the triangles DAC and DOS having the angle ODS 
common and the angles at B and S, right angles, at e similar 

.•. DS: 08:: DB : BC or v^o?' — a« : a :: a-\'X : BC .\ BC 

a(a -f- x) 
== J ^ and the area of the triangle = BC X DB 

a{a -{- xY 
== J ^ = r which being a min. its square must also be a 

min., and consequently, -r^ — - or its equivalent ^ — JiJjL 

X* — a* X — a 
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id a min. Also let y = z + a .•. v — ^ 2a = a? — a .'. ^ ^ ' 

X — a 



t 



• which let = ^ /. y» — ^ + 2or = o. Let a 
y—2a 

negative root of this equation = — A /. y + 6 must exactly 

divide y» — ry + 2ar = o /. we shall have the following 

process — 

y + * J y^ — ry + 2ar=:^o \j* — fty + 6« — t* = o . . (A.) 

y' + by' 

— by'^ — Ty 

— bf — Vy 

(6* — ^) y + ^a^ 
(J«_r)y + J(J'_f) 
.-. A* — Ar = 2dr 

.•. r = ; • Also from equation (-4) we have y* — Ay = 

2a + A 

J /y 35« 

r — A% and •*• y == -rt- i V -r-- Now if r be the least 

possible we must have r = — or - — -— - == -r- or 4A = 
^ 4 2a + A 4 

6a + 3A or A == 6a and y = — = — = 3a and a: = y — 
a = 3a — o = 2a = the value required. 

The same solved tvithout impossible roots. 
In the equation y' — by = r — A' let y = ^ -j .•. y« 

, , . . , A« , A* . A« 
— 5y = -2r'+A-2r+- bz ^ = ^ 7-=r — A'.-. 

19 Ala 

r = 2r* 4- A* ~- = 2r* -f- — , which is evidently a min. 

4 4 

3A* ^ A» 3A' A' 

when r = 0, .*. r = —- ; but r = • — 



4 2a + A 4 2a + A 

A fi/i 
and 6a + 3A = 4A, /. A = 6a and y = — = — = Sa and 

we therefore find a:==y — tt = 3a — a = 2aas before. 
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PBOB. (4.) TO DETERMINE THE GREATEST CYLINDER dg THAT 
CAN BE INSCRIBED IN A GIVEN CONE ADBk (Fig. 41.) 

Let a = BCy the altitude of^ the cone 

b = AD, the diameter of the cylinder^ considered as 

variable :/?= (- '\ Now it is evident that the 

area of the circle /rffs =i?ar% and by similar triangles AC t 

BC II Ad I df or --■: a:: : df = — 3 — (A.) 

And the solid content of the cylinder = -j--^ — =3 

•—- X (i^ — ^) whieh is a max. .*. fto?" — a;" is a max. Let 
b 

Aa:* — ^* = r, •. 3^ — bx* -[- »» = o, and aJ = j^ -] , and 

making this substitution we shall find a^ — Ja:* -|- r = y' — ^ 

— y 4- r ;:, also let r — - -- which is a max. = r' and 

3 ^ 27 27 

b* 
••• y' y + ^* = Of and proceeding as in prob. (2) this 

problem niay easily be solved. We however subjoin the 
process. 
Let a negative root of this equation = — c, .*. y + c must 

exactly divide y' y -|- r' = 0. 

y' + cy* 

— cy* 3" ^ 

— cy* — c*y 



(..-!),+. 
('•-!)»+«■-? 



.•. r* =:C^ 



b'a 
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and c* — — = — /. from equation (B) we find y' — q^ + 
3 c 

— = 0, or y' — cy = ... y = + y _ 

c c z ^c 

Now in order that r* may be the greatest possible, we must 

have 4r' = c* ; but r^ = r r- = c* .•. c* = 4c* — 

27 3 

4bc , ^ , 44' ^ . 4ft* 3ft c 

-- or c' = 4c* — -- or 3c* = --, /• c = — , /. y = -- = 
3 3 3 2 2 

-— and a: = y + — = -— . Also from equation (A) we have 

ab—— 2a 
df = 3=« ^^T* ^^^ bence it appears that 

ft 
the inscribed cylinder will be the greatest possible when the 
altitude thereof is just ^ of the altitude of the cone. 

The same solved without impossible roots. 

In the equation y* — ctf = let y = z + — and 

c A 

c' c* 

therefore y* — cy ^= :i^ -{- cz -\' cz =2r* — 

u* r* c' 

— = and therefore r' «= cr' which is evidently 

c' ft'c 

a maximum when z = o, .*. r' = — : but r^ =^ €^ and 

' 4 ' 3 

3 . , 4ft«c ^ , 4ft* , 2ft T^ c 

.'. c = 4c .*. 3c = — and c = . Now y == — 

3 3 3^2 

c= — and therefore x ^=y A = h-^ = "^as before. 

3 ^'3333 
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PROB. (5.) TO DETERMINE THE DIMENSIONS OF A CYLIN- 
DRIC MEASURE ABCD OPEN AT THE TOP, WHICH SHALL 
CONTAIN A GIVEN QUANTITY (OP LIQUOR, GRAIN, &C.) 
UNDER THE LEAST INTERNAL SUPERFICIES POSSIBLE. 

(Fig. 42.) 

Let the diameter AB = a?, AD =yy p = 3.14159 &c. and 
c = the given content of the cylinder. In this case it is 
evident that px will be the circumference of the base, and 
consequently, by multiplying it by y, the altitude, we shall 
find pxy =■ the concave superficies of the cylinder. It is 

also evident that since — = half the circumference and — 

2 2 

= half the diameter of the base, we shall have ^— = the area 

4 

of the base, which, being multiplied into the altitude y, we 
shall have -— = solid content of the cylinder = c, /. y = 

— ^ .*. pxy = — and consequently the whole surface of the 

cylinder ==» 1- -?— which is a minimum. Let — + - — 

= r, and .*. ISc 4- »a?' = 4rx .•.«* — — a? + - = o. Let 

p p 

one of the negative roots of this equation = — a and there- 
fore Of -\- a must exactly divide x^ x -{ = o. 

P P 

I I 3 4r , 16c , , , . 4r ... 

x +aj x^ xA = \jxr — ax-\-ar = o.. (A) 

P P P 



a^ 


+ 


oar* 











ax^ 


Ar 

— X 

P 







ax^ 




a*x 



(«* _ IT) ^ + 1^ 

V pJ p 



\ pJ p 

" . We therefore 
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^ J , Aar 16(? . »a* — 16c „ 

find a' = — , and /. r = ^ — . From eqim- 

p p 4a 

tion (A) we find a?* — * cw? =» a% and a? = — + 

p 2 

V • Now in order that r may be the greatest poa- 

p 4 

., , ^ , 4r 3a« oa» — 16c 3a' 

sible we must have -^ == — or r = — or ©a* == 

p 4t ap ^ 

64c and a == 4 X V — and a: = — = 2X V~- Now 

p 2 p 

because pucl* = 8c and px*y = 4c .•. j»a?* == gp^'y .;. a; ==; 2y 



=72: 



and y = V — 9 hence y is known^ and firom this it appears 

P 

that the diameter of the base must be just double of the 
altitude. 

The same solved without impossible roots. 

In the equation x* — oo? = -r-. a' let j: = y + — and 

p 2 

theiefore x* — (M9=' y^ + ay -\ ay =? y* — — 

== — — a%/. r= ^ ^ ^^ , which is evidently a mini- 

mum when y = 0, .-. r = -^ ; but r = ^—— — f, therefore 

16 4a 

Spa^ pa*—iec z oA j^ >. V Vc" , 

-^ =^4^ ^^ P^ = 64<? and a == 4 X V ~ and 

a:= — =2X V — as before, 
2 j» 
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PROB. (6.) TO FIND THE LEAST PARABOLA WHICH SHALL 
CIRCUMSCRIBE A GIVEN CIRCLE* (Fig. 43.) 

Since the parabola and the circle touch at P •*• CP is a 
normal to the parabola^ and Cm is the sub-normal = latus 
rectum. Let On ;;^ 2r /. equation to the parabola is 

y* = 2z.z (A.) 



Pm^ = r* — z* /. Am 



r^ — z" 



2z 

* ' 2z ^ 2z 

4 
Now the area of the parabola EAF= ~ AD.DE and DJB?=: 

^/2z.AD—r .\ area EAF= -z-ADX ^/2z.AD = ^'^^"^^^' 

^ z 

(r^-zy 
/. u = -^ = minimum. Let r + z = y.*. 2r = y-* 

r /. __ = minimum = «, and /. y' — wy + wr = o. Let 

one of the negative roots of this equation = — a, and there- 
fore y + fl must exactly divide the equation y* — «y + ^^ = o» 

y + « J y' — uy + ru^o Ly'— «y + «* — w=:o..(b.) 
y' + «y' 

— ay* — uy 

— ay^ — a'y 



(a* — u) y -{• ru 

(a* — u) y -^r ^^ — ^** 
and therefore we 



must have a' — am = rw .•• w = 



a' 



a -f ^' 



Now solving this quadratic (B.) we find y == -z- + 






^ and in order that u may become a minimum, we 

must have u = 

^ a -f- r 4 a - 

N 



3fl* a' 


3a* a 


3 


4 •• o + r " 


— or ■ — 
4 a -J- ^ 


"" 4 •• 
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a Sr 
3a + 3r = 4a /. a = 3r .*. y = — = -T- .*. -zr = y — r = 

1-^-2 ^^-^^ 

The same solved mthoui impossible roots. 

In the equation y' — ay -\- a^ — « = o or y* — ay^^-u — ff 

a a* 

let y = w + — , and therefore y' — ay ?= ««;' + ^*^ + T — 

a* a' 3a* 

aw — = t^* r == ^ — a* .'. tt = MT* -| — — , which is 

2 4 4 

evidently a minimum i/ihen m? = o, /. w = — ; but w = 

a' a' 3a' 

— ; — .'. — ; — = -7- or 4a = 3a + 3r and a = Br. and 
a -f- r a -]- r ^ ' 

a 3r r 

therefore y = -— = --- and z = y — r= -— as before. 



PROB. (70 THE FOUR EDGES OF A RECTANGULAR PIECE OF 
LEAD^ a INCHES IN LENGTH AND b INCHES IN BREADTH^ 
ARE TO BE TURNED UP PERPENDICULARLY SO AS TO 
FORM A VESSEL THAT SHALL HOLD THE GREATEST QUAN- 
TITY OF WATER, HOW MUCH OF THE EDGE MUST BE 
TURNED UP? 

It must be observed that the piece of lead is a rectangular 
sheet, and consequently when x = breadth of edge turned 
up : then x{a — 2j?) (A — 2ar) = content of vessel = maxi- 
mum ••• 4x' — 2 (a + J) ar* -f- abx = 4r = maximum, or 

» — «* + — x — r = 0. Let jr = y -I — 

,.« + *«. (« + *)' . (« + *)• 
.. ^3 = y» + ^y«+V_^^y^L.Jt^ 

aJM , _ _ g + * , _ (fl + bf _ (a + by 
2^~ 2^ 6^~72 



X 



• 9 
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• ai , ai , ah(a + *) 

+ - 4- ^ = + -4- y + —2r- 

— r = — r. 

•*•*' 12 y — ^+ 72 ~ 216 "" 24 • 

Now r is a maximum ; and besides r the remaining terms of 
the second member of the equation are constant and given 
quantities, and consequently the whole of the second member 
must be a maximum when r is so, and therefore when we 
suppose r* = the whole second member, we must have r^ = 
maximum. 

T . (a + by — Sab a^ — ab + b* 

^* ^ = 12 = 12"^ ••• y - ^y 

-|- r' ==» 0. Suppose that one of the positive roots of this 
equation is = c, and therefore y — c must exactly divide 
y' — ny — r* = 0, 

y — cj y'' — ny — r' = o \jy^ -\- cy -\- c^ — n = o .. (A.) 
y' — cy^ 



cy'^ — ny 
cy^ — c'y 



(c^ — n)y — r 

(c' — n) y — (c* — en) 
/. c* — cn = r^ and 

/• — = c* — n and consequently from equation (A) w^ 

c 

/•* c / c* — — 47*' 

£nd y* — cy H = o and /. y = — — + V — . 

Now it is evident that when r* or 4r* is maximum, we must 

fir 

have c* = 4cr' .', c* = 4c — Acn or c = + 2 V — ,:y = — 

/IT /o« — ab + V . . « + 6 1 

y/ — =2 — V X— ^ and x:=y A — = — 

^3 6 ^^6 6 

4 a -j- A — Va' — flft + A* > . We have here taken the nega- 
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live value of y> because on this supposition only can the equa- 
tion y* — ny = — r* be a maximum. 

TTie same solved mthout impossible roots. 

In the equation y' + cy H == © or y* + cy = — let 

c c 

e c* €* 

y = 3— - /. y' + cy = r» — cr + —+ car— -- = «* — 

-7- = •'•— =-: ^ which is evidently a max. 

4 c c 4 •' 

, r* c* , . c* — en c* ^ 

when z = o^ .*. — = -— ; but r* = = -7- or c — 

c 4 ' c 4 

« = — or 3c' = 4« /. c = + 2 V tt and y = r- = — 

4 — 3 2 

^/n" /«« _ ai -L i« . a+6 1 

V -:r- = — V and x = v -+• — -r — = tt 

-< a + A — V^fl' — ai -j- *' f as before. 



PROB. (8.) TO INSCRIBE THE GREATEST RECTANGLE IN A 
GIVEN PARABOLA BPAqD. (Fig. 44.) 

Let Am = x .•. Pm = 2^/mx and Pq = 4Vwi .*. Pn = 
mc = Ac — Am =-h — x .*. area nq of the required rec- 
tangle = 4(i — x) Vma?= max. .*. (6 — x) ^/ x = max. .*. 
(a — a?)' a? = b^x — 2bx^ -|- a?' = r = max. Let a = one 
of the positive roots of this equation^ .\ x — a must exactly 
divide i'a: — 2bx^ -\- x^ — r = o 

«— aj ^»— 25a?'+ 5«a?— r = o ^a?'+ (a— 25) a; + (a— 5)» = o. . (A.) 
x* — ax* 
"la"^^*) a?' + b^x 

{a — 2b) X* — a (a — 2b) x 
(a — b)* X — r 
(a — b)*x — a {a— by 

/. r = a (tt — by 
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T 

and — = (a — &)* .'. from equation (A) we find a;* + (a — 2h) 

Cv 

a? + "" = 0. Solving this quadratic we find a: = ^- — 

+ V : a'^d here it is evident that when r = 

max. then a(a — 2b)* =3= 4r = 4o (a — b)* .\ a — 2 J = i 

2(a — 6). 

1st. a — 24 = 2a — 24 .*. a = o and a: = 4. 

. ^ 44 ^ 4 

2d. a — 24 = 26 — 2a .•• a = — and a? = —. 

By a reference to the annexed diagram, it is evident that 
^ == ~ corresponds to max. and x = 4 to min. 

The same solved without impossible roots. 

V . / ,x . ^ 1 (« — 24) , 
In oj* + (a — 24) a: H = o let a? = y ^ and 

(a — 24)* 
.-. X* + (a — 24) ar =y«— (a— 24) y + ' 4"""^+ (« — ^4) 

(a— 24)« . (a — 24)« r a{a — 2h)* 

y 2— =y r-=-7-'-''=— 4 — 

a(a — 24)" 
--* uy* which is = max. when y = 0, .•. r = • ; but 

a(a — 24)* 
r=:a(a — 4)*.-. a(a — 4)*= -^— j — - or a — 4 = + 

a — 24 
— g— and 

1st. 2a — 24 = a — 24 .•• a = and a? = 4. 

2d. a — 24 = 24 — 2a .\ a== — and ar = — as before. 

o 
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PROB. (13 ) GIVEN THE SURFACE OF A CYLINDER TO FIND 
ITS FORM^ THAT ITS VOLUME MAY BE A MAXIMUM. 

Let the whole surface of the cylinder =? 8 and x = diame- 
ter of its base. Now it is evident that the areas of the two 

opposite circles of the cylinder = — where |? = 3.14 &c., 

the circumference of the base = px^ and the convex surface 

px* 28 — px^ 
= 8 — ^-r- = -z which divided by px^ the circum- 

28 — ps? 

ference of the base, gives the altitude = — r . Now 

2px 

px^ 
multiplying this value of the altitude into — , the area of the 

pa^ 28 — px^ 

base, we find the content of the cylinder = -— X — tl 

^ •'4 2px 

28X — ox* 28 

= T = max. and .•. 2sx — px^ = max. or — x — 

8 P 

28 

7? = max. which let = r, .*. x* a? + r = o. Now let 

P 

a = one of the negative roots of this equation and conse- 
quently X -{- a must exactly divide it. 

2$ 28 
X'{-aJ x^ a?-fr = o [x^ — ax + a* = ©, (A.) 

x^ + aa^ 



— ax* — 


28 

X 

p 








— ax* — 


a'x 


+ 


r 




(»'- 


28\ 

" ) X 

PJ 




(«•- 


28 \ 
- )X 

PJ 


+ 


a(a« — 


2*\ 

J) 



/, r = aia* 



^n 



pj 
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r 2s 
(ft — = a* . Now from equation (A) a?' — oar = — 

r a /a* — 4r 

-- or a? = — + V — J and in order that r may be a 

a' ) and ••. a = 

■ ,— and j: = -- = V r—. Writing this value of ^ in 

the equation altitude = — ^ we shall find altitude = 

V •«-■ and hence it appears that altitude = the diameter 
of the base. 

7%e same solved without impossible roots. 

T G 

In the equation x* — ax = — let y + "o" ^^^ therefore 

a* a' a* r 

a,« — iM? = y« + ay + — — ay — — = y« — — =— — 

•*• ^ ^^ "2 ^y* ^^ ™*^' w^^J^ y = ^^ ••• ^ = "7" 5 but r = 

/ . 2*\ , a» / . 2«\ , /2s 

aUr J and ••. — = alar j and a = 2 V 5— •'• 

a; =ar — = V ^- as before. 
2 3/? 



PROB. (14.) TO PROVB THAT THB ALTITUDB OP THB 
GRBATEST CYLINDER WHICH CAN BE INSCRIBED IN A 
GIVEN SPHERE^ IS EQUAL TO 2r V § ; r BEING THE 
RADIUS. (Fig. 48.) 

Let the altitude mn of the cylinder required = 2^, and r 
being the centre of the sphere r» = ^ /. Bn = Vr* — a?* 
= the radius of the base of the cylinder^ and .*. the area of 
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the base = /> (r* — x^) where p = 3.14, &c. Now since 
altitude of the cylinder = 2a:, its contents must be = 2p 
(r'a? — sf)=^ max. which let = g, .*. ar* — r^x -^ q = o. 
Let one of the negative values of this equation = a, and con- 
sequently a? 4" ^ must exactly divide it. 

ar + ^J ^ — r*S'\-q = o \jx/^ — ax -{• a^ — r' = o,..(A.) 
x^ •■\' ax^ 

— aa^ — T^x 

— ax* — o'a? 



(o^ — r*)x + q 

(a* — r*) X + a^ — ar^ 
— .*. q z=z a^ — or' 

T 

.•• — = a* — 1^. Now from equation (A) we find x* — ax 

= .*. ^=o"i V — 2 9 ^^°' "^ order that r may 

be the greatest possible^ o' must be = 4r = 4a' — 4or' .•. 

a» = 4a'* — 4r^, ••. a = 2r V — J? = ^ = r V T ••• 



3 "" ^ - ^ « --2jf 



ired = 2r V -r*. 



= altitude required 



The same solved without impossible roots. 

In the equation a^ — ax = let x = y -{- — .\ x* — 

a* a' a* a 

« = y' + «y + 4- — «y — "2 =y'— 4" = — 7 or q 

a» a' 

= -r ay = max. when y == 0, .*. g' = -r- ; but g' = a* — 

a' 2r a r 

ar* and ••. — = a' — ar* .•. a = -7:=r .•. a: = — = =^r-= r 

4 VS 2 ^3 



V "« as before. 
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PROB. (15.) A CANDLE STANDS ON A HORIZONTAL TADLE^ 
DIRECTLY OVER A POINT, AT A GIVEN DISTANCE FROM 
A SMALL OBJECT ON THE TABLE ; WHAT OUGHT TO BE 
THE HEIGHT OF THE FLAME WHEN THE OBJECT IS 
ILLUMINATED THE MOST POSSIBLE. (Fig. 49.) 

Let A be the object on the table, B the point under th6 
candle, and C the flame, considered as condensed at a point. 
The intensity of the illumination on the object A depends on 
its distance from C, and on the angle which the rays make 
with the surface (supposed to be horizontal.) By the princi- 
ples of Optics, the intensity at different distances, the angle 
of obliquity being the same, will be inversely as the square of 
the distance ; with different degrees of obliquity, the distance 
being the same as the sine of the angle which the rays make 
with the surface. Therefore the intensity, as depending on 

both obliquity and distance, will be expressed by -Tpj-.sin. 

BC 
tAB = -jTS* B^^ ^ = ^^y ^ "^^ ^^^* CAB, then the illu- 
minating power on the surface at -4 = -tp, + -j^ 4- -jtj; 

cos' n . • • /, • 9 \ 

s= sm. n = — = max. ••. sm. n cos' n = sm. « (1 — sm." «) 

= sin. n — sin.' n = max. = r. Now let sin. /i = 0?^ .*. «? — a?' 
= r, .*. x^ — a? + r = 0. By problem (1) when r = max. 

1 1 

then X = — ^ .*. sin. n= -7=- By the trigonometrical ta- 
bles n = 35° 16' 5 this gives BC = AB + -7= = AB X 

V 

71 nearly ; so that the height of the plane must be about 



10 
of the distance AB. 

The same may be solved without impossible roots as 

in problem (1). 
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PROB. (16.) TO DIVIDE 12 INTO TWO PARTS, 80 THAT THE 
LESSER MULTIPLIED BY THE SQUARE OF THE GREATER 
SHALL BE A MAXIMUM. 

Let X = greater part .•. 12 — a? = lesser part. Now it 
is required to find such a value for w that (12 — w) a?' or 
12 J?' — x^ may be a maximum. Let 12a?'* — ar* = r .'. 
a?* — 12a:* -^ r ^=^ o. Suppose that a = a negative root of 
this equation, and consequently x -{- a must exactly divide it. 

€ + aJ a;*— 12a;« + r = o ^x^ — {a+l2) x + a {a + 12) = o, {A.) 
a?* + ax* 

— (o + 12) x^ + r 

= (a+ 12) it^ — a(a+ 12> 

a (o + 12) X + r 
a(a+l2) x + a" (a + 12) 

T 

.'. r = a* (a -{• 12) .-. — = o (a -f 12.) Now from equa- 

r «+ 12 • 

tion (A) we find x^ — (a + 12) a? = or a: = — - — + 

V ^ L_ZZ___!1 and in order that r or 4r may be a 

max. we must have a {a -i- 12)' = 4r = 4a* (a + 12) or a 

a+ 12 

= 4 and x = — :: — = 8. 

2 

77^6 same may be solved without impossible roots. 

r 
In the equation a?' — (a + 12) a? = let a? = y + 

a -I- 12 s (a +12)* 

-^,and.-.^*-(a+12)a:=y« + (fl + 12)y+ ^ ^^ ^ 

(a +12)* , (« + 12)* r 

fl(a+12)* , , afa+12)* 
ay = max. when y = 0y and .•. r = ; 
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a(a + 12)' 
but r = a^a + 12) .-. -- — j i- = a» (a + 12) .-. a==4, 

a + 12 
and X = — - — = 8 as before. 



PROB. (17.) WHAT ARE THE VALUES OP X WHEN -^ jr 

+ 2X BECOMES MAXIMUM OR MINIMUM. 

Multiply this expression by 3^ and let the product = r, •*• 

9 
4f* — — a:* + 6a? — r = 0, also let a ;= one of the roots of 

this equation. 

9 / 9 \ 9a 

) «»— ^ a,»+6«-r=o l^««+ ^<i- 2 )«+«•-- ^ +6=0, (A.) 

a? — aa? 

(« — 7) *' + 6* 

9\ - / 9 



(a__)a,«_a(a--) 



9(1 7* 9({ 

,% r = fl(a* — "o" + ^) .•.— = «' — T "^ ^* ^^^ ^^"^ 

. .. . / 9\ r 2a — 9 
equation (A) ay' + la — "27^"^ ora; = — + 



{a-V)Xa- 



9\' 

=r-J Xa — 4r 

and in order that r or 4r may be a 

a— -g^ =4r = 4a (« — y + 6) 
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81 15 

or fl' — 9a; + — = 4a* — 18a + 24 or 3a' — 9a = — ~ 

5 3 . 5 1^ 

4 2 — 8 2 

2a — 9 4 ^ . 2a — 9 

— : = -— =a 1 for maximum i x •= ;: = — 

4 4 '4 

-r = 2 for mm. 



2 4 



7%e same solved mthout impossible roots. 

9 



a —f «=s leta; = y-- 

9 / 9\* 

2 



«-- ' " ■ - («-?) 



^V2/* 2 ^ 4 o 

r = — fly = max. when y = o, .•. r = — . ; 

/ 9V 

butr = a(a' — ^ + 6) /. J ?Jl = a(a« — — + 6) 

5 J 3 . 5 1, 

or a« — 3a = ' 7- and a = ---+l=-— or-^r and x = — 

4 2—22 

2a — 9 

-'— : — :;:;; 2 or I aa before. 
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PROB (18.) WHAT NUMBER IS THAT FROM THE CUBE OP 
WHICH ITS SQUARE AND TWENTY-ONE TIMES ITSELF 
BEING SUBTRACTED, THE REMAINDiSR IS THE GREATEST 
POSSIBLE. 

Let X = number required ; then according to the question 
a;' - — or* — 21 a; = max. = r /. a? — «' — 21 a; — r = o. 
Also suppose a ^=^ one of the roots of this equation. 

X — aj a?3 — X* — 21i: — r=o L«'+ (« — 1) «+«' — « — 21 =o, (A.) 
5?^ — oa?' 



(a— l)a?* — 2ljp 

(a — l)a?' — a{a — 1) x 

■ •■ - — ■ — -I .1- 

(a* — a — 21) X — r 

(a' — a — 21) X — «(«• — a — 21) 



• • 



r = 



a(a' — a — 21) /. — = a' — a — 21 ••• from equation (A) 

• . / V ^ ^ — 1 . /^(^ — 1)' — 4r 
X + (a — 1) a: = — — or a: = — -^ h V z • 

Now in order that r or 4r may become a maximum we must 

2 
have a{a — 1)' = 4r == 4a (a' — a — 21) or a' — —a =« 

85 , a— I 

— and A a =3= — 5, •'. a? = j^; — 3s= 3. 

The same solved without impossible roots. 

T a — 1 
In the equation a:* + (^ — 1) ar == let ar = y — 

a £ 

and.-. ar«+(a — l)a? = y'— (a — l)y + ^^^^^^ — X(a—\)y 

a{a — 1)« 

— ay = max. when y ^=0j and /. r = -j ; but r = 
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a(a — 1)« 2 

a{a* — a — 21) .•. ^ = aia" — a — 21) .-. a* — —a 

85 15 ^ , a— I —5 — 1 
=:-or^ = --=-5,andx = ^= g— 

= 3 as before. 



PROB. (19.) TO CUT THE GREATEST ELLIPSE FROll A 

GIVEN CONE. (Fig. 50.) 

Let ABD be the cone^ PB the elliptic section^ AC=ay Cn=s 
a?, major axis = 2m = PB^ BC=b^nPz=y, minor axis = 2n 
= ro. Now the area of the Ellipse =: ir mn (see the Integral 
Calculus^ or my treatise called an Insight into the nature of the 
Integral Calculus). It is evident that PB ilB i: PQ : El or 
2:1 :: PQ : El B.nd DP I PI :: BD : IF or 2 I I :: BD I IF .-. 
PQ = 2JE/, and BZ) = 2/F or PQ X ^^ = 4^/ X ^J^= 4fo* = 
ro* = 4»« .-. 2n = ^/PQ^XBD = V2a: X 26 = 2^6^ 2» = 

VjB»* + Pn« = V(A + ar)* + P»' but Pn = cA X "^ = 
°^ ~^^ ••. 2» = V (A + a:)* + ^ (6 — «)• and .-. area = 



nrn 



*^ jj «' 



(i + ^)' + Ti (* — ^)* =^ "^ax. and .•. 

fl* «• + J« 

a: (6 + a?)* + TT ^ (^ — ^)* = ^^x. and therefore — rj — 

a:" 7 ^ a?* + (a' 4" **) ^ = '^^ax. Dividing this 

a« + y 

expression by the constant quantity — r; — we have t? — 

2J(a« _ 4«) 

— a . ,^ a;* + 6«a? = max. To shorten the calculation let 
a' 4" * 

2J(a« — J») . e „ ^ « . 

— \ ^ ^ = y /. 7? — qp^ •\- Vx = max. = r, .'. ;if — ff* + 

d*a7 — r s= 0. Now suppose t; ==: one of the roots of this 
equation. 
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{v — q) 3? '\- b^x 

{v — q) x^ — b{v — q) X 

(t?* — vq-^ b^) X — r 

(t;« — vq'\'b'*) X — v[v^ — «?g + i*) 

r 

/. r = v{v* — vy + *') aiid — = v' — vy + i*. Now from 

V 

equation (A) we find a:' + {v — q) xz= and /. ar = — 

V 

V — q , /v(v — qV — 4r , . , 

— 2 — + V -r- , and m order that r or 4r 

may become = max. we must have v{v — g)* = 4r = 

2 ^ — 4i« 

4|; (,;« vgr -f *«) or t?* — gv == ... y = 



q + V4g''' — 124* t? — y y — t; g t> 

3 * and a: = — ^ — "T" '^ "2 ~ T 

3y g' + V4g'* — 126« 2g' + V4gr« — 126* 



2X3 2X3 2X3 

q + y^q^ — 12i« y + Vg^ — 36* ^ ^ 26(a* — J«) 

— = i— ^ = =-^= — = ; but a = ^ ^ 

3 3 ' ^ a* + 6* 

2J(tt*— i«) + iVa* — 14a«6« + 6* »«. „ . 

.*. ar = ~. g , ■, a\ ^ — • This problem is 

possible so long as the altitude a and base 2b are such as 
make a* — 14a*6* + i* a positive quantity. The limit of 
possibility is when the radical disappears^ then we have the 
following equation a* — 14 JV + 496* = 48i* .-. a* = 76* + 
_ 26 6 + 4^3" i 3 + 2V1 

V486*=6n7+4V3) .-. x= 3-. ^^^;^ = 3-. ^q::-7f . 
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The same solved tvithout impossible roots. 

r V — q 
In the equation ar' -|- (v — q) x =^ let x = y — 

.•.ar«+ {v — q)x = y*—{v-^q)y+ ^ ^ + {v — q^y — 

max. when y == o, ••. j-^- = r =^ v{v* — vq -{• i'). 

From this equation as before we may find v = -== — 



, - 2 J (a* — *') + b^/a^ — Ua'b^ + i* , . 

and hence x = rv « . rex ' ^ before. 

3 (a* + o') 



PROB. (20.) THE CORNER OF A LEAF IS TURNED BACK, 
SO AS JUST TO REACH THE OTHER EDGE; FIND WHEN 
THE LENGTH OF THE CREASE IS A MAXIMUM. (Fig. 51.) 

The full leaf is mQBA, and when its comer A is turned 
back and touches the other edge mB of the page at the point 
c, the triangular piece QPA of the leaf falls upon its remain- 
ing piece mBPQn, and each of the angles QaP and QAP is 
= 90*^, and consequently the figure QaP A may be inscribed 
in a circle. 

It is also evident that aP = PA and aQ=^ AQ and by the 
property of the circle aA X PQ = 2AQ X AP (1.) 

Now let PA = X and AB = a .*. by Prop. 12, 2d book of 
Euclid Aa^ = aP" + AP' + 2BP X PA=2x^ + 2{a— x) 

ar = 2a:' + 2ax — 2a:' = 2aa: .*. Aa = VSax. Now AQ^ == 
QP — AP^ .'. from equation (1) aA* X PQ' = 4^Q» X AP* 
= 4AP* X PQ^ — ^AP* .-. 4AP* = {4AP* — aA*) PQ* .-. 

2x^ 2x . fl 

4x* = (4a:' — 2ax) PQ .-. PQ = = min. .•. — :rT- 

^ ' 2ar — a 2x^ 
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T . « y + ^ ji n^ (y + «)' 

= max. Let 2x — a = y, .\ x= — — and 2a?* = — 

2x — a Ay y t^t i ^ 

.•• r. 3 == / — r-T3 = ^ax. .'. 7 — I — 73. Now let y = 

2a;' (y + ay (y + a)' 

ab 

ab y c be* 



• • 



(y + a)' t^(b + c)> (c + b; '^ o 



X —r = max., 



2 



c" 



1 . , . Ac* 

—J is a constant given quantity, .♦. -. — - ,., = max. It is 

., , Ac* b c' /, « \ 

evident that ^^^p^, = ^^ X j^zf^» = " 0"+ A.' 

^ (^tat ^°''^'' ^A==^' ••• 0-rh) FTaT* 

= (1 — jsr) 2r« = 2r' — ^r* =5 max. .*. by Prob. 2d, jsr = — = 

c ^ ^ c+_A b b^ J^ ab 

c + b **2 c "*"c^ c 3"^ c 

fl y+« 2' 3a 

The same may easily be solved without impossible roots. 



PROB. (21.) TO FIND THE POSITION OF THE PLANET VeUUS 
IN BESPECT OF THE EARTH, WHEN HER LIGHT IS THE 
GREATEST. (Fig. 52.) 

The planet does not appear brightest when her disc is per- 
fectly round ; she is then too remote to produce that effect ; 
and besides, she is seen in the direction of the sun. In her 
inferior conjunction her crescent is too narrow, almost the 
whole illuminated part being turned towards the sun. It is 
therefore in some intermediate position, which is to be deter- 
mined, that she is brightest Let S be the Sun, E the earth. 
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and ABCD Venus, ABD its illuminated hemisphere, which is 
turned towards the Sun, and CBD its hemisphere towards 
the earth : produce S Sv to F. 

The portion of the illuminated surface towards the earth is 
contained between two planes Dr, Bv, perpendicular to the 
plane EVS; and this surface will manifestly be projected 
into a crescent, the breadth of which is the versed sine of the 
angle BVD, which is equal to EVF, because if BVE be added 
to both, each is a right angle. 

Now the area of the crescent is always as its breadth; 
therefore, the whole disc being taken as an unit, the illumi- 
nated part will be expressed by the versed sine of the angle 
JBFF, or by 1 + cos. EVS. Again the brightness of the pla- 
net is inversely as the square of the distance, therefore the 
brightness depending on its position, in respect of the Sun 
and its distance from the earth jointly, will be proportional 

to ^ * . Let a = ES. the distance of the earth 

from the Sun, b = VS the distance of Venus from the Sun, 
w = FB, the distance of Venus from the earth. Then 

ar' -j- 2bx + A' a* 

COS. EVS = ^T 5 and therefore the brightness 

of the planet = ^~j^- = ^^^ = 

max. or — ■ -^ = max. which let = r, ••. x^ + 

2bx + 6' — a^ = rx^ or rx'^ — x^ — 2bx + a' — b^ z=z o. 

1 r 1 
Now let X = — .•. -3 r + «' — 6' = 0, and .*. (a* — i') 

y y y ^ v / 

y^ — 2iy' — y + ^ = 0, and dividing this equation by fl' — i' 

2J , 1 , r 

wefindy»-^j3^,y - ^^Tir^, y + ^^j;^; = 0. 

Now since r = max. and ^ ., == constant quantity, /. 
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— = max. which let = v; also let -; n = ^ and 

1 

= » (1) 



o« — A 

y' — wy* — »y -)- V == 0. Suppose that c = one of the 
negative roots of this equation^ and consequently y -^-c must 
exactly divide the said equation 

y+^J y*— wy'— ny4-« = l^y' — (c+w)y+c'4-w«5— w = o, (A.) 
y' + cy' 

— (c 4- w) y* — ny 

— (c + w) y* — c{c + m)y 

{c*-^ cm — n) y-^ V 

{c^ -j-cm — «) y + c{c* + cw — n) 

V 

/. t? = c(c' + cm — w, ••. -r- == c' -|- cm -^ 9»5 and from 

equation (A) we have y* — (c + m) y = ^^ — or y -^— 

yc{c + m)' — 4t; _ . _ , 
— 1 • ^^^ ^^ order that 4v or v may be = 

max, we must have c{c -|- m)' = 4t; = 4o (c' + cm — «) or 

2m m' -f- An 
& + 2cm -f m' = 4c' + 4cm — 4» .% c* + -r- c = — ^ 

m . /4m« + 12» 2Vm» + 
or c 



m , /4m' + 12» 2Vm' + 3» — m ^^ 
= ir + V 7. = s • Now 



3 ' " 9 3 



y = — - — = r y and from equation (1) taking 

., J r-r-i ^/4A» + 3a*— 34« 

the values of m and » we find Vm* -4- 3» = V — 7-; rrr^ — 

V3g' + V Vm« + 3/1 + m V3g' + &' + 2& 

— a«_i» •'• 3 ~ 3(a'— *•) ~ 



V3fl' + &g + 2& _ 1 , 2. 

3a» + 6* — 46' ~ V3a* + 6« — 26 ^"^ •'' y ~ ^ 

V3a' + A' — 26. 
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In numbers a = 10,000, h = 7,233, therefore x = 4,304, 
the angles JB = 39° 43' 30^ V— 117° 55' 20^, S=22° 21' \(f. 
(From the 7th edition of the Encyclopaedia Britannica) • 

The same solved without impossible roots. 

In the equation y* — (c + m) y = let y = jgr -j — 

(c -{- m)* 
/.y— (c + m) y=2r-+ {c + fn)Z'\ j {c + m) 

{c+ mV . (c + mV v c(c + w)* 

z r— ^ = 2r' = or V = 

2 4 c 4 

— c^r, which is evidently a maximum when z = o, .\ v = 

clc4-mY ^ ,. . . c(c4-mY 

^ \ ' But t; = 4c (c' + cm — n) .•. ^ 7 ^ = 

4 '4 

. . . 2Vw' + 3^ — m , , 
4c (c' + cw — n) ••. c = and therefore y = 



c + «» V«»* + 3»* + m , « 
— j^ — = *—^ = — as before. 



PROB. (22.) REQUIRED TO DETERMINE WHAT MUST BE 
THE DIAMETER OF A WATER-WHEEI^ SO AS TO RECEIVE 
THE GREATEST EFFECT FROM A STREAM OF WATER OF 
12 FEET FALL. (Fig. 53.) 

In the case of an undershot-wheel put the height of the 
water AB =12 feet = a and the radius BC or CD of the 
wheel = Xy the water falling perpendicularly on the extremity 
of the radius CD at 2>. Then AC = a — a:, and the velocity 
due to this height, or with which the water strikes the wheel 

at D will be as ^/a — x, because the squares of times or velo- 
cities are as the spaces, and consequently velocities are as the 
square roots of spaces, and therefore the effect on the wheels 
being as the velocity and as the length of the lever CD, will 
be denoted by x^/a — a: or ^/ax* — x% which therefore must 
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be a max. or its square aw?' — z^ = max. Let ax^ — ar* = 
r or x^ — oo:' + r = o; also let 6 = a negative root of this 
equation .•. a? + 6 must exactly divide it. 

ar' + te' 

— (i + a) a:' 4- ^ 

— {b + a)ai'^b{b + a)x 

(b" + aft) a? + r 

(ft« + c6) ^ 4- A(6« + ab) 

.•. r= i(i«+ai) 

r 
.•. -T- = i' + a6 ••• from equation (A) we find x^ — (J + a) 



= — "T ••• a; = — r h V ' — -n 



T" ••• a? = — ^ — + V -^ — "^""TI which, when 

r or 4r = max. must give i(6 + «)• = 4r = 4J (i* -|- ab) = 

4J» (a + J) .•. 4 + a = 4A and 6 = -J" ••• a? = 4"^ = 

2a 12 X 2 

— ; but a == 12, ••. a; = — - — = 8 feet radius. 

But if the water be considered as conducted so as to 
strike on the bottom of the wheel, as in the annexed figure. 
(Fig. 54) it will then strike the wheel with its greatest velo- 
city, and there can be no limit to the size of the wheel, since 
the greater the radius or lever JBC, the greater will be the 
effect. (From the 3d vol. of the old edition of Hutton^s 
Course of Mathematics) . In the case of an overshot- wheel 
a — 2a? will be the fall of water, Va — 2a? as the velocity, and 
ji»^ a — 2^ or Vaaf* — 2a:' the effect, then aw^ — 2a?' is a 
maximum. Here instead of or we must put down 2a? .*. 2a: 

= --- .•, a? =a — =^ 4, the radius of the wheel. 
3 3 

But all these calculations are to be considered as indepen- 
dent of the resistance of the wheel, and of the weight of the 
water in the buckets of it. 
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The same solved without impossible roots. 
In the equation a^ — (^ + «) ^ = — t-j let a?= —r \-y 

... a:* - (A + a) ar = y« + (i + a) y + i*±^* —(& + «) 
,._(*+_?I'_,^ (M:_ar_ r . &(& + «)* 

Jy* = max. when y = o /. r = — — ~ — -. But r =• 

i(6' + aJ) .-. ^^^ ^ ^^' = A(i« + cJ) and 44 = & + a /. 

a , A + a 2a , 12 X 2 

i = J and a? = — — = -j ; but a = 12 /. a? = — - — 

=3 8 feet as before. 



PROB. (23.) TO DETERMINE THE STRONGEST ANGLE OF 
POSITION OF A PAIR OP GATES FOR THE LOCK ON A 
CANAL OR RIVER. (Fig. 55.) 

Let ACy BC be the two gates^ meeting in the angle C, 
projecting out against the pressure of the water, AB being 
the breadth of the canal, or river. Now the pressure of 
water on a gate AC^ is as the quantity or as the extent or 
length of it, AC, and the mechanical effect of that pres- 
sure, is as the length of lever to half ACy or to AC itself. 
On both these accounts then the pressure is as ^C« There- 
fore the resistance or the strength of the gate must be as 
the reciprocal of -4C. Now produce AC to meet BD, per- 
pendicular to it, in D; and draw CE to bisect AB perpendi- 
cularly at E ; then by similar triangles A C : AE : : AB : AD ; 
where, AE and AB being given lengths, AD is reciprocally 
as ^C, or AD^ reciprocally as AC^; that is AD^ is as the 
resistance of the gate AC. But the resistance of AC is in- 
creased by the pressure of the other gate in the direction 
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BC. Now the force in BC is resolved into the two JBD, 
DC; the latter of which^ DC, being parallel to AC^ has no 
effect upon it^ but the former^ BD, acts perpendicularly on 
it. Therefore the whole effective strength or resistance of 
the gate is as the product Aiy X BD. If now there be put 
AB = a, and BD = x, then AD" = AB" — BD« = a* — 
x^ ; consequently AD^ X BD = (a' — a?') X a; = a*x — a?" 
for the resistance of either gate : and if we would have 
this to be the greatest^ or the resistance a maximum^ we must 
find such a value of x which will make a^x — 4?^ = max. 
= r. Let b = one of the negative roots of this equation^ 
and consequently x -{- b must divide it exactly. 

x + bj x^—a''x + r=:o ^o?' — Aa; + *«— o« = o,.. (A.) 

a?' + ia?* 

— bx* — a*x 

— bx^ — b^x 



( J» — a^) x+ r 

.-, r = 4{ft« — a') 

r 
••• 'j'=s b^ — a' .*. from equation (A) we find a^ — to = — 

T b /b^ — 4/' 

— ,•, a? = ~ -f V — T7 — • Now in order that r or 4f may 

be = max, we must have A' = 4r = 4b (A' — «*) or i = 

2a b a /~ 

—= and x = -zr = -7=. =»■ a V -^ = •57735a. the natu- 

ral sine of 35^ 16' that is the strongest position for the lock 
gates^ is when they make the angle Aor B =^ 35® 16'; or 
the complemental angle ACE or BCE = 54® 44', or the 
whole salient angle ACB = 102® 28'.— (From Hutton^s 
Fluxions.) 
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The same solved without impossible roots, 

T b 

In the equation a?' — ia? = — — let « = y + -— and /. 

V J* A« r 

^« — Aa: = y« + 4y + — — 4y — y = y« — — =— - 

.•. r = — — oy = max. when y =^o /. r = — ; but r = 
i(A« — «*) .-. — = &(i' — a«) and /. J = -t= or a: = ~ = 
-^ as before. 



PROS. (24.) IT IS REQUIRED TO DETERMINE THE SIZE 
OF A CUBICAL SOLID, WHICH BEING LET FALL INTO A 
CONICAL VESSEL FULL OF WATER SHALL EXPEL THE 
MOST WATER POSSIBLE, FROM THE VESSEL ; ITS DEPTH 
BEING = a AND DIAMETER OP THE MOUTH = 2b. 

(Pig. 56.) 

Let ABC be the given vessel, the diameter of its mouth 

= 2b and its depth HC == a. EmnD = the required cube. 

Let FC = z. Now by similar triangles we find HC : AH : : 

bs^ 
PC I EP ot a t b IX XI EF ot EF= — and .•. ED—*2EF= 

a • 

— , and consequently the area of the base of the required 

— J = — 5— which being multiplied by HF 

(= HC *— FC = a — a: = the height of the immersed part 

4dV 
of the cube) the product = — 5- (a — a?) = the solid con- 

tent of the immersed part of the cube = quantity of water 

4i* . 
displaced. Now since — is a constant quantity, therefore 

a?' {a — x) =035^ — x^ = max. = r .*. a;' — ax^ -{^ r^=^o. 
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Let c = one of the negative roots of this equation^ con- 
sequently a? + c must exactly divide it, 
a? + cj x* — fla?» + r=o |^a?'— (c + o) a?+ c' + ca.. (A.) 

— (a + c) ar' + ^ 

— (a + c) «' — c{c '{' a) X 

c{c -{- a) X -\-r 

c{c + a) a: + ^(^^ + ^^) 



/, r = c(c^ + ca) /. — = c* -[- ca. Now from equa- 

tion (A) we have a:» — (a -j- c) a? = ,% ar = — 5 — + 

/ c{g A- c)* 4 V • 

V ^, and in order that r or 4r may become 

a max. we must have c(c -f «)• = 4r = 4 c(c^ + ca) = 4c* 

a c -f* a 2a 

(c + fl) .*. c + fl = 4c and <? = "j •*• a: = — r — = — and 

consequently one of the equal sides of the required cube = 

, 2a 
2bx ^^ + T 4ia 

a 3 9 "^ 



ITie same solved without impossible roots. 

In the equation x^ — (c-^-a) x=s let d? == y -| — 

(c + aV 
... ^»- (c + a)a; = y«+ (c + a) y + •^-^— ^ — (c + a) 

_{c±^^ , (c f a)» ^ r ^ ^ c(c + «)" _ 

^ 2 ^ 4 c " 4 

c(c + ay 
cy^ == max. when y = .*. r = r = c{c^ -|- ca) .•. 

a c -\- a 2a , ^ 

c -j- a = 4c or c = — /, a? = — - — = — as before. 
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PROB. (25.) IT IS REQUIRED TO DETERMINE THE SIZE OP 
A BALL, WHICH, BEING LET FALL INTO A CONICAL VES- 
SEL FULL OF WATER, SHALL EXPEL THE MOST WATER 
POSSIBLE FROM THE VESSEL ; ITS DEPTH BEING 6 AND 
DIAMETER 5 INCHES. (Fig. 57*) 

Let ABC represeat the cone of the vessel, and DHE the 
ball, touching the sides in the points D and E, the centre of 
the ball being at some point F in the axis of the cone. Put 

AG=GB=^2^=a,GC=:6 = b .-. AC = ^AG' + GC* 
= 6i = c, DF= FE = FH= x the radius of the ball. The 
two triangles ACG and DCF are equiangular; therefore 

ex 
AG I AC:: DF: FC that isa:c::x: - = Fc: hence GF 

a ' 

C3ff 

^GC—FC=b and GH =^ GF + FH=b + w — 

— = height of the segment immersed In the water. Then 

(by Hutton's and other authors^ works on Geometry, see 
Introduction,) the content of the immersed segment will be 

^x — 2x — 2b'\ ) 

(CX\^ 
a? -j- i f X 5.236 = maximum, and therefore 

(€X\ / CX\ ' 
2x — J -j ) (x-^-b J = max. ; but 2a? — i -|- 

ca?2a4-c ex a — c 

— == X — b and x-\-b • = a; + ft = i — 

a a ^ a a ^ 

C — Q 

where c is greater than a, because c is the hypothe- 

nuse and a the perpendicular of a right-angled triangle. Let 

c — a {b — y)a , ., 2a + c 

b a: = V .*. a: = and consequently ■ • 

a ^ c — a ^ ^ a 

. _ {b — y) a (2a + c) , 3a*& — a(2a -^c^y 

a(c — a) a(c — a) 
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c — a \ a / \ a / 

na + c ^ _ A A c— a \* 3fliy«— { 2a +c)t/^ ^ 

\a /\ «/ c — a 

2a + c f Sab , A ^ 2a + c 

l^a (.2M=n; ^ 2^ J = "'^^ Now as -^—^ = a con- 

Sab 
stant quantity^ we must also have t — ; — y« — y' = max. 

= r; also let = -4, and .'. y' — ^iy* + r = o. Let 

n = one of the negative roots of this equation ; 

< 

y+»J f—Ay*+r=o Ly'— (n+4)y + »»(»+^) = o,(B.) 



8 



y' + «y 

— (n'\rA)y* — n{n + A) y 



n[n + A)y -{-r 

n{n -{• A)y -{-n* {n + A) 



,% r ^ n* 



T 

{n + A) and — •== n(n + A) /. from equation (B) we have y' 

-(n + ^)y = --ory=-^ + y -^^^^^^^ and 

hence it is evident that 4r cannot be greater than n(n+ A)* 
and therefore when it is a max. we must have n{n -}- A)^ = 4r 

== 4»' (n + A) and .•. » + ^ =4» or » = — ; and hence 

n'\' A 2 A 2 + Sab 2ab 

^ ~ 2 ~ T" . ~ 3 (2a + c) ~ 2a + c ^ ~ 

b — 2ab\ 

abc 

c — a~ c — a — {c — a){2a+c)~'''^'^''^ 

radius of the ball^ consequently its diameter is 4 ^ inches as 

required. 



( b — 2ab \ 
2a + c ^ 



K 
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The same solved without impossible roots. 

T 

In the equation y* — (» + ^) y = — - — let y *= ;? -|- 

-I — ^ — r nz* = max. when z = o ,; r = : , 

4 4 

but r = »« (it+ ^) .-. »« (» + ^) = "^" ;^ "^^^ .-. « = 4' 

A, , 11 + ^ 2^ , {b — y)a V~t)^ 
Also y -| -5 — = — and a? = ^ ZJL = flJ_ . 

but A = - — i — /. X = ; r-rr: — : — r as before. 

2a -|- c (c — a) (2a + c) 



PROB. (26«) TO FIND gUCH A VALUE OF X AB SHALL 

(g? — 1)* 
MAKE r r-rr; A MAXIMUM. 

(X + ly 

Let a? + 1 = — /. te + 1)' = — , a? — 1 = 2 = 

y y* y 

1 — 2y (1 — 2y)* 

■ and (a? — 1)* = ^ r-^^ and therefore we find 

4-4y*= — (y»— y*-|- — y) = max. and /. y' — y'+ j y 

==s max^ Now let y = ^r -f- -r* 

.'. y' =z s» ^ g* -\. J z -\. — 

,2 1 

T»= +4^+12 
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t-. y'~y' + -5-y = -2r» — — 2r + j2 — 27 *=«»«• ^nd 
12. 1 

j2 — 27 ^® * constant quantity, and /. 2r» — To ^ =^ "*"• 

. 1 
= r, .•. jT — — 2r — r = 0. 

Let one of the positive roots of this equation ss a^ and 
consequently z — a must exactly divide it. 

5r — aj ^r'— — ;? — r = o U' + « + «'— Y2 = ^^ •• (^0 

as* — a^z 

(«--n)-' 
(••-s)'-"(''-^) , 

• — — /. r = af a' — —J 

1 y* , V 

and <t* -*- 75 = — •*• fro"^ equation (A) 4r' + <**=* "^ — 

a /a* — At 

or j2r = — -rr- + V — '. where 4r cannot be greater than 

a% .*. when r = max, we must have a* = 4r = 4o (a' — — ) 

1.1, 1 *. « 

or a* = 4d« — -^ /• a* = -- and a = -^. Also ;?=. — — 

1 :. .11 , , 1 ^ 

= — — and y = ;? + y = J, A *+ ^ = V~*^ "*• *~ 

The same solved without eliminating the second term of 

the cubic equation y* — y' + -j y — r = o. 

Let a == one of the positive roots of this equation and 
consequently y — a must exactly divide it. 
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IV 



y_cj ya_j,«+ |.y_r=0 |y + («_1) y + («_ 1) =<,, (A.) 

yi _ ay* 



(a— l)y* + — y 
(o— l)y* — o(a— 1) y 






• • 



/ 1 \* r / 1 \* 

a(a —J or — = (a — 'w) 9 ^^^ ^^^ equation (A) 

. , , r a — 1 . /ala — 1)* — 4r 
y*+{a-l)7 = --ory=^ — + ^ -^-^ . 

Now in order that r or 4r may become a max. we must have 
a{a — i)» = 4r =: 4a («^ "g") '** «' — 2« + 1 = 4a« — 

2 , a— I 1 . , 1 

4tf + 1 or o = — and y = — = — /. a?-|-l=-;^ = 

6 and or =s 5 as before. 

7%a same solved without imposMle roots. 



a 



In the. equation 0' + a5r= let^ = w — ~ and .*. 

a* fl* a a* r 

j2r*-|-a;r = tt?' — aw + -^ -{- aw ^ = m> -r= — -— 

a' , a' 

,% r = -7 — ttw = max. when l£? = •*• T" == ^ = 

4 4 

<^- 12) -'-^^T ^••^ = -6'^''^ 2^ = "^ + "3 ="6 

/. a? = 1 = 5 as before. 
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PROS. (27.) TO SAW OUT OP THB TRUNK OF A TRAE^ A' 
RECTANGULAR BEAM THAT SHALL HAVE THE GREATEST 
POSSIBLE POWER OF SUSPENSION. (Wg. 58.) 

Actual experiments lead to this result that in a parallel- 
opipedon of uniform thickness^ supported on two points and 
loadied in the middle^ the lateral strength is directly as the 
product of the breadth into the square of the depths and 
inversely as the length. 

Let ACBm be the circumference of the trunk and the rec- 
tangle AB the base or top of the beam cut out of the trunk*. 
AS = diameter of the trunk == a, AC ^= breadth = Xy and 

BC= depth of the beam = Va* — 3^. Also let / = strength 
of the wood of which the tree is composed; and / == tl^e length 
of the beam which is in this problem = a constant quantity. 
We have before observed that the power of suspension =^ 
f X breadth X depth _ fxid" — x") / ... .. _ 

max. ••• a'ar — a;* = max.. = r .% ar« — a*a? -^- r = ©• Let 
one of the negative roots of this equation = by and conse-^ 
quently x.-^-b must. exactly divide it. 

ar + ij ^ — a'a:-j-r = o [js* — ia? + 4'-^tf' = o, .. (A») 
x^ + bx^ 

— bai^ — a^x 

— ba^— b^x 



(ft» — a*)x + t 

(A« _ a») X + A(A« — <t') 
.-. ^ = b{6* — tt*) 

V 

/.J' — a* = -T. From equation (A) we find ;r* — fo = -* 



r b' /b^ 4/* 

— or ar = — + V — ^ , ■ and heiice it is evident that when 
b 2 — 46 

r or 4r = max., 6» = 4r = 4i (6' — a') or W = 4a' .\ b == 
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2a J fl ^ / a* 

^.\x = - f=;^=breadthandVa«— «^= V ««— ^ 

/r 

= a V -r- = depth of the beam. Now from the points m and 

C draw mr and Cn perpendiculars to the diameter ABj then 
by prop, 89 6th Book Euqlid^ we have AB i AC 11 ACi An 

or a : a: : : a: : -4» = — = -r— = -r-. Also ABi Bm : : 5m : 

a 3a 3 

^ a 

Bror a :ar::a;: — = Br = -7r-»^ wr=^B — rB=:^»s=s 

a 2 

n — -z — ^ -^ == -5-5 hence the following construction. 
000 

Divide the diameter of the trunk into three equal parts^ and 
from the two points of section draw the perpendiculars and 
complete the rectangle, which will be the base or top of the 
rectangular beam required. 

The 8nme sohed toithout impo$3ibte roots. 

T b 

In the equation a?' — 44? = — -jt let a? = y + — .•. 3? — 

&* b^ . V T 

fta:=y«+Aj^+— — Ay-*— = y* — ^ =.-^ _ ... r 

6= -— — Ay' = maic. when y = ••. r = — or i(A' -^ «') = 

*' . 2a ^ * « ,. .. 

<^ or £ ss= -7= and * = -r- =: --^ as before^ 

4 V3 2 V3 



Chapter IIL 

problems of maxima and minima in the soi^xjtions 
of which equations of the fourth^ fifth, bixth 
and seventh pb6reb are usept 

Section 1. 

PROB. (1*) WHAT FRACTION 19 THAT THE FOURTH POWER 
OF WHICH BEING SUBTRACTED FROM ITS CUBE THE 
REMAINDER IS THE GREATEST POSSIBLE? 

Let a? = the fraction required, .*. ar* — a?*= mA, =«= r 
.*. a* — a?" + ^ = 0' Now let the product of the two values 
of this equation = x^ — ax -h b which must consequently 
divide it exactly and .*• we find^ 

«'— oaj-fftj «♦— «»-|-r = o l^««-|-(a— l)a?-f-a»— a— 6=o,..(l) 

(a — l)a?'-^i«* + r 

{a — l)x' — a{a— I) ^« + *(a— 1) x 



(a* — a—b)x*—b(a — l)x + r 



Now it has been proved in the introductory chapter that 
when any equation is divided by two factors of the form x — c, 

a? X rf, suecessively or by their product of the form r' — ^ ax 
4" A at once then the remainder R must be equal to zero and 

entirely independent of x in the case when c and d are 
supposed to be the roots of the given equation. We therefore 
find b{a — 1) = «(a' — a — 6) and r = i(a' — a — b).. (2) ; 



r 



. _- =a* — a — 6. Also we have b{a — \) =ia(^ — a — b) 
b 

s 
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or a* — * = a' — a* — ah, .*. 2ah — b= b{2a — 1) = a* — 

2a — I 2a — 1 

a3 — a' a{a — \y ., , ., a«(a— 1) , 

= -^^ ^ .*. r = Ua^ — a — i) = — ^ 1 X 

2a — \ (2a— I) ' 2a— 1 

2a— 1 (2a — D* (2a— 1)« ^^ 

Now from equation (1) we find, «*+ (a — l)a? = and 

solvinc: this quadratic we find ^ = 1- v '^ ~— 



/ 



e— 1) 4a'(a — 1)« 



(2a — 1)«. Here 



4d 

it is evident that 4r or — ^ cannot be taken so sreat 

(2a — 1)' ® 

as to make it greater than b{a — 1)* or 9~IZ^~~~^ 

and consequently when r = max. we must have — -^ — ^-z - 

4a'(a— 1)' , 4a « , ^ 

== ITT TT- or 1 = or 2a — 1 = 4a /. a = — 

(2a — 1/ 2a — 1 

JL d — — lzii = _ inJ == i- 



The same solved without impossible roots. 

T a - \ 
In the equation a:* + (a — 1) ar= — — let a;=y — • — 

and .-. ar» + (« — 1) ar = y* — (o — 1) y + ^^ "~ ^l + 

, ,. (a — 1)* , (o — 1)» r , 

(a-l)y -J-=.y*-\——L =__andr== 

— ^ ^ hifi which is evidently a maximum when y=so 

4 

and consequently r = -i ^; but r is also = - 



a 



C2a— \)« 
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and therefore we find -^ — : — ^ = ^ - or 6 = 

4 (2a— 1)* 

4a»(g — 1) q»(q— 1) _^ 4a'(g — 1 4a 

{ia — l)*^^ 2a-l (2a — 1)* **• 2a— 1 ^' 

1 a— 1 i— 1 3 

a = — /. ar = — = -— == -- as before. 

2 2 2 4 



PROB. (2) TO FIND SUCH A FRACTION, THE FOURTH OF 
WHICH BBIN6 SUBTRACTED FROM ITSELF^ LEAVES TfiE 
GREATEST REMAINDER POSSIBLE. 

Let Of = fraction required, then by the problem we find 
a? — rr* == max. which kt == r .•• or* — x -^ r := o. Let 
a?* — oa? + J be the product of the two values of this equa- 
tion which must consequently be exactly divided by it, 
.•. «• — ax + bj X* — x + r^=o [x* + ax + a* — J = o,. . (1) 

4?* — aa;* + to* 

or* — to* — X + r 
iM?* — a V + «to 

(a» — J) a?* — (ai + 1) « + r 

la* — b)x* — a(a* — b)x-\-b(a^ — b) 

.\ai + l = «' — «* •'• ^= ^iJ^cl «* — b=^a* 

' 2a 2a 

a' + l . , , ., a'— 1 ^ a« + 1 

2a 2a 2a 

' — j^\ — ^t — \ Now firom equation (1) we find a?' + oa; 

r a , /a'A — 4r „ .^ . ., ^ 

= .•. a;== + V ; • Hence it is evident 

b 2 - ^ 46 

that 4r cannot be greater than a^b and .*. when r or 4r = max. 

we must have a^b = 4r ; but b = - ~ and —^ — ^^ — . 

2a 4a 



( ISO ) 

_ . oV— 1) 4(g»~l) (a'+l) _ 2a»(a' — 1) _ 
'=''" 2« = 4? **— 45^^ =" 

4(a»-l)(a'+l) .^ ^^^2^_^2 ... fl = '^=2 =- VT 
"^ 2 2 ^8 V4 ' 



7%e same may be solved vnthxmt impossible roots. 

lo the equatiou a?' + £M? = — letx = ^= — -~ and 

0* a^ 

therefore we find, «' + a:r = y* — dy + -r- + fly — ~- = 

4 2 

y*— — SS5- — -- or 7* = -s-*^ — ■ 5y* which is evidently a 

maximum when y t£= o /. r =8- -^-b. or 4r = a^b. But 4r =3 

4 



4(a.-i)(«» + I)^.^,^^,^,„,^ 4^ 



VT 



4o» 2 2 



= V — = 1 y — as before. 

^ 8 VT 



PROB. (3.) TO DESCRIBE THE LEAST TRIANGLE TCI ABOtllT' 
A GIVEN PARABOLIC ARC APB OF WHICH C IS THE 
FOCUS. (Fig. 59.) 

Let AN Sis Xy AC i=^ a^ and therefore tC=a + x^ Also 
by similar triangles we find, tN : NP ::tC: CTor 2x t 2 V ci^ 
::a + xi CT= (^ + ^) X ^^X^'^ .^ CT_ {a+x)j>/l^ 



2 2V 



X 



and therefore the area tTC= ^I-^li?= (a + ^ r^cVft. 

2 2v:^ 
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= mm. and ••. = mn. and .% 7 — - — r- =3 max. Let x 

ab 

ab . ^ X c abc^ 1 

~ ~c •*• (a + xy ~ {ab + ac)* ~ a\c + by ^ "? ^ 

7 — Tin ^ ; — riTi = ™*^- It is evident that *: . ,,, == 

^l^i ^ (c + j)3 — v^ — rTftJ ^ (c + bf ^^y^ 

c b<^ 

^qrj ••• (7qp-j)4=(i — y)y'=»' — y*=max* in this 

3 c 3 

case by problem (1) we find y =: —^ but , 32= y = _ 

c+i 4 ,,J 4„, aft X b 

or = ---.•. I -^ = —-. But ^ «Bs — ^\ ^ = — 

c S ' c 3 c a c 

,,«4 .1 «1, tt 

•••^ + -^ = F = ^+8 •••7=*3"*'** = T- 

The same may be solved without impossible roots as pro- 
blem first. 

The same may be solved by the following mor« direct and 
common way by which the two first problems have been 
solved. 

Leta+x=--.-.ther-7— rT = — ?L_=-- — -^ X 4- 

y* 

=sy» — iqf*==max. and .*.-*- y* — ^=2 max. which let =^r .•. y* 

y' + r = 0. Let y* — Jy -|- c = product of the factors 

of the two values of this equation and consequently we have 
y._6y+c J y«_ L y»+r=o L»*+(6- ^) V+i*- 1 -C = (1.) 



(6-|y-c/+r 
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(&--l)y.-^(&-lV+c(^-l) y 
(ft*— -— c)y« — c(*— l)y + r 

and therefore r=c^i'—~ — c^ (2.) 



and 



c b* 
From equation (3) we find be = A* — ic and con- 

, , c ,, ft* c(2ab — 1) cft» — A* 
sequently 2bc = 6 ^, .*. — 



a a 



.•. c= J , and from equation (2) we find r == 

*V a / 2«6 — 1 ^V a 2«d — 1 / 

b*(ab — lyay — b _ b*{ab — l) \ _ b*(ab — 1) 

2aA — 1 \ a 2ab — I / ~~ 2ab — 1 

^ a*V> — 2ab*+ b \ __ b'jab — 1) (aft — 1)* X& (oft— 1)'^ 
\ 2a«6 — o / ~ 2oft — 1 2a'ft — a ~'(2oft— l)'a" 

From equation (1), we have y* + (ft ) ^ "J" — =-• o, .*. 

ft-1 , 



y= ^ + /(* J Xc— 4r and hence it is 

4c 
evident that r or 4r connot be taken so great as to become 

greater than (b — — J* X c and consequently when r = max. 



/ In „ 4(aJ— l)'i» 

must have 4r = c\b — —y But 4r = ^2ab — i)'a 
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"^ a^ 2ab—\\ a) a«(2a6— 1) 

4(aJ_i)»j3 4 J 1 

(2ao — l)'a 2a6 — 1 a 

and .•. 2ab = — 1 /. J = — — • but t/ = — ? = 

2a^ ^ 2 

2 4a y 3 3 

a: ==: -r as before. 



7%e «ame may now easily be solved tvithmU impossible roots. 
In the equation^ y* + ( * ) y = lety = z — 

« and .-. y + (i_l) y = ^«_ (i _ 1) ^ + 






+ ('-t) 



2 



O-i) 



= and consequently r = — cz* which is 

'<'-7)" 

evidently a max. when z = o .*. r = .*. 4r = 

e{b )= -i j_^butc = -j-r r-' .-. 4r = 

^ o ^ o' 2ao — 1 

fl»{2a6— IF ^ " ***** ~ (2aJ— 1^^ * * a(2ab — l) 

_ 4(g& — l)» + y 1 _ 46 1 . 

~ (2ai— l)»Xa *** F ~ 2ai — 1 *'• * ~ 2^' "'"^ ^ 



( 134 ) 

a :^a a 3 , . , 4a 

= -7— and IB a + a? = 



2 4a ' 3 



a a 

a + — ••. a: = — as before. 



PROB. (4.) LET AB BE THE DIAMETER OF A CIRCLE^ IT 
IS ftSaUIRED TO FIND A POINT, Cy IN THE DIAMETER, SO 
THAT THE RECTANGLE FORMED BY THE CHORD D£, WHICH 
IS PERPENDICULAR TO AB, AND THE PART AC MAY BS 
THE GREATEST POSSIBLE. (Fig. 60.) 

Let AB = «, AC = a?, and CB = a — x^ then (a — x)x 
= CD* and CD = Vac — a?» ; therefore DjB = 2Vflu: — x% 

and the rectangle EG^^xy^^^ax — a^ =z max. .•. its square 
Aafi {ax — a?«) or Aas^ — 4a?* == max. • . or* — ar* = max. 
which let = r •*. x* — cwp* + r = o. Let a;* — bx •{-€ = 
product of the two values of this equation, and therefore 
we find; 

a«— ia?+cj ar«— flwr»+r=o \y'^{}>—a)x+b*—ab—e=^..{k.) 
X* — hx^ + ca^ 

{b — a) jf — ea^ + r 

{b — a)x' — b[b — u)x' + c{b—a)x 

(ft* — ab — c)x* — c{b — a)x + r 
(6* — ab — c)x* — 5(6' — ah—c) «+c(6«— a6— c) 
.\ c{b — a) = b{b' — ab — c) (1.) 

and r :=• c{b^ — ab — c) .*. i' — a4 — c = — (2.) 

c 

Fromequation(l),c=— ^ 1 .•. b* — ab — c = b* — 

2o — a 

bUh — a) b{b — aY r ^^ ^ 

ab ^ = -L^ L = ^. Now from (A.) 

2i — a 2b — a c ^' 
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we have x* •\- {b — o)a? s= — — or a: = — -f 

c ^ 

V • ' and it is here evident that when r or — = 

^ 4 c c 

{b—aV r b(b — a)* 1 

max. we must have ■—- = — = -rr .*. t = 

4 c 26 — a 4 



b — a 



a . b — a 
/. J sz= — ~ and a? == r — 



a 



2b — a* 2 
3a 

7%e «ame «o/t;e(i{ ivithout impossible roots. 

r b *"**" €L 
In the equation ar' -|- (i — a) a: = let a? =y — 

... a?« + (i — a) a: = / — (A — a) y + ^-^-^— + (h—a)y 

(h -^ g;« _ ^ r* — g/ _ r . _c_(6j--a); 

2 ^ 4 c "'^ 4 

, c(i — a)* (i — fl)« r 

— cv' = max. when r = -^ ^ .*. ^^ — - — — = — = 

^ 4 4 (t? 

6(6 — «)• 1 6 , a , 6 — a 
-^^ '— /. — = or 6 = and a: = 

26 — a4 26 — a 2 2 

= — as before. 
4 



PROB. (5.) TO DIVIDE 12 INTO TWO PARTS, SO THAT THE 
LEAST MULTIPLIED BY THE CUBE OF THE GREATEST, 
SHALL BE A MAXIMUM. 

Let X = greater part .•.12 — a; = lesser part and 12a:* — 
x^ = max. := r .*. a?* — \27^ -f- r = o. Let the product of 
the two values of this equation = «^ — oa? + 6. 

T 
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.•.*»— (JM?+6 J x*'^l2x'-\-r^o l^««+(a— 12)a:+a«— 12a— 5=o,(A) 

(a _ 12) x* — a(a — 12) x* + i(a — 12) a? 



>> »» «■ %■ 



(a« — 12a — 6)a:' — A(i» — 12)*+t 
(a«— 12fl— ft);r«— a(fl«— 12fl— ft)*+6(a*— 12fl— ft) 

v. r = A(«» — i2a — *) .\ I- tttx a* — 12 a -- A. . . . tl) 

Also b{a — 12) == a(a» — 12a — i) = a» — 12a« — ab .-. 

i(2a - 12) = «' - 12«- ... i = 4^l2|^' = ?!-(^rL|l) 
^ ' 2a — 12 2a — 12 

.-. from (1)~ = a« — 12a — « = a« — Iga — ^'^^~?? = 
^ ^ i6 2a — 12 

a«— 24a* + 144a a{a — 12)« , a{a— 12)« 
^ ! s— —2 i- and r = 6 >" — ^^ — = 

2a — 12 2a — 12 " "^ 2a — 12 

a*(a— 12) e(a — 12)« a'(a— 12)5 

;5 r:; s r^ = /S ttt^j* ^^^ from equa- 

2a — 12 2a -*- 12 (2« — 12)' ^ 

r a — 12 

tion (A) a?* + (« — 12) a? = — -j or a? = — — - — + 

/b(a — 12)' — 4r 
V n • Here it is evidont that when r or 4r = 

ii*(a — 12) 
max. we must have b{a — 12)* ?= 4r or — r^ (a — 12)* 

4a«(a— 12)' , 4a ^ , 

= -r?r TTT^T- or 1 = 77: /• a = — 6 and x = — 

(2a — 12)* 2a — 12 

a — 12 



17ie same may be solved without impossible roots. 



In the equatiosi «* + (« — 1^) * ^'^ *^ "g" ^^ ar as* y 
a — 12 



.-. a?» + (a ^ 13;) « at* y* — (a ^ 18) y + 



( i«7 ) 

r «(a — 12)» ,»». oVtf— 12)' , 

6 4 ' (2a — 12)' 

»*<« — 12) a*{a — 18) , , _,, _ o'(o — 12)' 
2tt — 12 4(2o — 12)^ ' (2a — 12)* 

ii= — < iu»d « t=s -^ — £— — ass 9 aB belhre« 



PROB, (6.) TO INSCRIBE THlft GREATEST ISOS6ELEi3 tRN 

aUgle in a given ciRCiiB. {F%. 614 

Let ABC he the isosceles triangle required^ and Buppose 
BJb =±= t atid B-E = diameter = 2a .*. 2)£ = 2a -^ a? ••• 

half the base = AD = V2ap — a? and area of the isosceles 
triangle = ^JD — BD = x ^2ax — n^ = V2to' ^ ^ ==2 
max. .•• 2aa?' — a?* = max. = r •*. «* — 2ax* -f •* *°= ^* 
.•• Let ar* — fe + c = product of the two values of this 
equation^ 

«.«— .6a?+cJ «*--2a«»-f-r==o |^««-|-(5— 2a) «+6*— 2a6'-c=o. . (A.) 
a?* — fix* + car' 



.1' >t 



(iB— 2a) a?*— car' 

(fr— 2a) a?'*— 5(/^--2a) 4:*+c(i-^2a)af 

<i« — 2ai — c) ar* — c<i5 — 2a) a:+r 

(&«-^a6— e) ai^— 6(5'— 2a5— c)zc+c(6^— 2a6— c) 

.•. r = tr{4'»-2aJ— c) .%-^«ttA»-*-S«6 — « (1.) 

A*ifi — 2a) 
Also e{b — 2«) = i» — . 2a** — ie .♦. c = og_ - ' »\ 

r ... «•— 2««» J(*--2«)* 

-.«.6.-.2«6-t«4*-2«4^-^^-;::^«*=^^::::^ 



'\ 
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ana r _ c X -gj^rgT — 2 J — 2a ^ 2*-2o 
i'(A — 2o)» . 46'(« — 2a)» ., , .. ,* ^ 

(2& - 2a)' *"■ ^'^ = {2b - 2a)' ' ^°'' ^"" *^"**'*"' (^•> 

«' + (J — 2a) X = — — or a; = — —^ — + 

V — A — and here it is evident that when r or 4r 

4c 

= max. we must have c(b — 2a)' = 4r or }, ^ ' - = 

4b*(b—2ay , 4A , 

(2t-2a)« ••• ^. =2A^ITa •••* = -« and^r^ 

*:=^ = |, Hence ^D = V2-5F=:^'= ^3^^^^ 

= ?^ .-. ^C=2^Z) = aV3: ^B = V^2)« + ^i)* 

/^d* 9^ 

= V -J- + -T- = VSa' = «V 3 .'. the triangle required 

is equilateral. 

» 

The same solved without impossible roots. 

In the equation a?' + (i — ^d) ar = leta:=y — 

*Jli? ... ar' + (6_2a) « = y'-(6 - 2a) y + i^ZZi?)! 

+ (b~2a)y—'- g— ^^y'— ' 4 ^ =——.-. r = 

c(6— 2a)» , c(6— 2a)' 

— — - — — cy» = max. when y= o .•. r = — 



4 



„ ^ i'(b — 2ay , i»(A — 2a) i»(«_2a)' 

J*(« — 2a) (J— 2o)* 46 

2A-2a ^~i «>^l = 2r=l^'*-*=-««'^^ 
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i — 2a Sa 

« = — — = -g-. Hence AD = ^/2az — z* 



aft before% 






PR^B. (7^.)' TO INSCRIBE THE GREATfiST PARABOLA IN A 
GIVEN ISOSCELES TRIANGLE. (Fig. 62.) 

iict -^^F be the given isosceles triangle and CHPME the 
required parabola. Let AD = b, GD = dy and GP = x* 
Now KPG being a subtangent to the parabola we must have 
by conic-seotions GP = PK = a? .•. GK = 2aj also PJK" : 
PD :: HX^: CD*: (X.) 

Ndw by similar triangles^ G/) : j#IX : iGK: HKyOtatb : : 

2a? : — = HK ••• by proportion (A), a? : a — x : : — j- : 

^^. 4i' , ^ ^^ 26' 

CD* /. CD' = -^ (a — x)x .\ CD = —^/(a—x)x. Now 

2 2 J 2 

the area of the parabola or — PD X CD^^ — X -^ (^ — ^) 

^ 4J 

V(a — a?)a: == 3^ V (a — a;)'ar === max. or {a — a?)' a: =max. 

Let a — a? = y .\.x = a — y .•. (a — a:)'a: = y* (a — y) 

== fly* — y* === iiisix. = r .'. y* — cy' + r = ^« Proceed-^ 

itig exactly as' in the EfolUtion of prbb. (4) w6 shaiU find y = 

Ad , 3a a 

— and a: = a—y = a — — = —. 

The same may be solved without impossible roots as 
Probi-(4'). was. 

This problem if solved by the dommoh method given ih 
works on Diff. Call, must ultimately produce a cubic equation^ 
to i^lve wliieh il^ gtoerally tedious. 

u 



^. 
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I 

PROB. (8.) TO DETERMINE THE GREATEST PARABOLA 
THAT CAN BE FORMED BY CUTTING A GIVEN CONE 

J CD. (Fig. 63.) 

Let nVf parallel to CAy be the axis of the parabola rvm 

and rm the base (or ordinate) thereof. Putting DC = a^ 

dx 
CA = 6, and Dn==x ; then, by parallels, a: b : : a? : — = 

nv ; moreover by the property of the circle, we have r»' = 

nmr = Dn X Cn = ax — a?', the square root of which multi- 

2 6a: ,2 

plied by — X — (because every parabola is — of a paral- 

2bx I 

lelogram of the same base and altitude) gives — - V oo? — x* 

for the contents of the parabola s= max. •*. aa^ ^^ a:^ = max. 

= r .*. 0?* — cue* -^^ r = o. Now by proceeding exactly as in 

Sa 
prob. (4) we find a? = -j- when ax* — a?* = max. 

The same may be solved without impossible roots in 
exactly the same manner in which Prob. (4) was. 



PROB. (9.) THE CORNER OF A LEAF IS TURNED BACK, 
so AS JUST TO REACH THE OTHER EDGE OF THE PAGE, 
FIND WHEN THE PART TURNED DOWN IS A MINIMUM. 

(See Fig. 51.) 

It has been shown in problem (20) Chapter 2d that aA X 

PQ = 2AQ X AP and that aA = ^j2ax,PQ= J ^^ 

2x — a 

^P = a? .-. V 2^3- = 2x X ^Q .-. the area of the part 



turned down 
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X X AQ _ 2^ / x^ _ V^ 

2 — 4'^2^ — a~" 2 



'^ 2i^r^ == "'"• •*• 2J^r^ = "^"^ Let 2« - a =y .-. 

y + « ,. ■ ^ _ (y + c)« (y + g)* 

— ^^ — = •*? • • /i = — tt: = — %B — = mm. or 

2 2a? — a 16 \Qy 

y 

i6y y 41 w «* 

max. or . , >^ == max. Also let y = — 



(y+fl)* '^'^'{y + ay — "^- — -»— c 

ab 
y T c*ab c^b 



• • 



(y + «)* a\b + c)* ~ a^c{b + c)* a\b + c)* 



c* 



"TT ^ 7r""i — n = max. tt — ; — rr = max. But 77 — \ r. 

= (1 — r4— ) /r f X, ; let .-7— = ^ •*• (^ — ^)^ = 

z^ — jzr* = max. Proceeding exactly as in problem (4) we 

^, 3 c 3 i+cJ. 4 

JBnd J? = — or 7-; — = -p .•. = ^ 1 = -— = 

1,, * l.aft a , y + « 

T+ ^ •'• T = T ^^^7 = y = y anda: = ^ = 

a 2a 

2 
The same may be solved without impossible roots as 

Prob. (4) was. 



Section 2. 

PROB. (10.) TO FIND SUCH A VALUE OF X AS MAY MAKE 

mx^ — 0?* = MAX. = r. 

We have now the equation ofi — mx^ -|- ^ = ^^ and let the 
product of the three values of this equation = a?' -f" o^ -|- 
bx-^- c and .*• we have 



X H2 ) 

a?* + a«* + 6a?» + ca:« 

— (a + m) a:* — Iw^ — ex* 

— {a+m) a?*— («*+am)«'---(a6+5«i)^*-^^+cm)« 

(a'+am— 6) «* + (a6+6m — c) j?* +,(«0+.««») «?+«' 

+ c (a' 4- am — 6) 

.•. a» + am — i = — ..<2,) 

• c 

Also ab-\-bm — c = a' + a'm — aft (3.) 

«c + m==fl'4 + fl6m-6«orc=^*±5^=^.. (4.) 

From (3) and (4) we have ab -^ bm — c = ab -j- bm — 

a^b-^-abm — b* a*b -{- abm+ abm -^ bm* — ii^b'^abm'\-i^ 

a + w» a 4- w 

= ? — ^t-^ ^ — = 0* + a*m — ab. or mai + 6m* + i» = 

a* + 2ma' + a'm* — a'i — ma6 or 6' + (2ma + m* + a«)i 
= (a« + am)* or 6* + (a + m)' A = a? (a + m)' or b 

(a + my . V (a + t»)^ + 4a' (fl + m^ . 
= — - -g- - ■ + V ^- — 4 -■ or 6 === 

(a 4- m)* + V(a + m)* + 4a* (a + m)« 



From (1) a?' — (a + m) a? == — -^ or ^ == ^L±J^ + 

c z 



y (« + «0: _ r ... ^hen r = max. il±^ = il 



.S 



, . _ 2a(a+m) + .(a+m)*r— {a^m) ^{a-\-'nif^ -f 4a* 

or a X ^ = 4a + 2a + 2m — 2 V(a 4- m) * + 4a* or 
5a 4- m == 2V(a 4" »*)' + 4a» or 25a' 4- 10am 4- m« = 4a* 4- 

%a^ -J- 4m' + I6a» or 5a» + 2«»» = 3?»', ,-. a' + ?^ « == IjJ 

5 5 
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'^ 4- k/^^^ 4- ?^ ^^ JUL ^^ A 

..., — -Zl 4- w 

a + m 5 ' _ ^*^ T^" «._ 1 *i,^« ^ -^ ^ 
^ ^^ t ssc . — - :^ -^-. iX in = 1^ tnen cf s= — • 



FROB. (11.) TO FIND SUCH A VALUE OF X AS MAT MAKE 

mx^ — a:* == max. = r. 

We have now the equation a?* — mx^ -j- r = 0, and let the 
product of the three values of this equation = a?* -f- oa:* + 
bx + c, we therefore find, — 

«'-f.!^+^+^J «*-'«»^+*'=^ L«*--a«-|-a^-^6— «i=o,. . . .- (A.) 

-r- cw* — (6 + i») «• — c«* 
— oo?* — o'^* — aftaj' — coa: 



(a^-T->& — m) «'-|-(ad— c) aj'+ca«-f"*' 

i((^'-^^-«i)«'-f"(^"'^— <'^) «'+(a'ft — ft* — ftm)« 
-f-ca* — ftc-HJwi 

/,. f ==c^*???-i^---jWpr fl'-^.^-^wiFs — (1.) 

c 
ab'^c = a^ — ab — am ••*.... (2.) 

and .*. ab — d = ab : = ■ =-• 

a a 

a* — ab — am .♦• b^ -{- bm == a^ -^ a^b -— a*m or 6 =« — - 

a' + w I A /^* + 2fl*»» + m* + 4a* — 4a'»^ ^ + w» j 
-^ 2^^ ^ 4 ° 2~^ 

^/ 5a* — ?a*m + m' (a' + m) + V5g* — 2fl^*m + m* 

^ 4 ~ 2 

and,quatioft(4)givesa;«-a^:^^2;/..=.-J+i/^~^ 
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A — ==- = a« — m— 6= • ! — - — ■ -^ — 

4 c 2 



and a* = 6o' — 2m — 2V5o* — 2a'w> + m* or 5a* — 2m = 
2V5a* — 2a«m + w' .•. 25a' — 20a»w + 4w« = 20a* — 8aHn + 

4m« or 6a* — 12ma* = o .*. a' = — -, and a? = — - .\ a:* = 

5 46 

a* 12w> 3m . . /35» ,.. , .t^ = a/IT 



4 4X5 5 ^5 * 



PROS. (12.) TO FIND SUCH A VALUE OF X AS MAY MAKE 

mx* — 07* = MAX. = r. 

We have the equation x^ — mx* -}- r =5 0, and let the pro- 
duct of three values of this equation = a;* + ax* -f i^ + ^ •'• 

a^-^ao^-^-hx-^-c ) x^ — wkc'4-*' = ^ L^' — aa? + a* — 6 = 0,.. (!•) 

— ax^ — bx^ — {€'{' m) x^ 

— ax* — a'^x^ — abx^ — acx 

(a* — b) a;'+ (aft — c — m) x* -f <w?ar -}- »• 
(a«-6) «»+ (a?— a6) a?'+ (a»*— d«) iF+c (a»— *) 

,.. a«_i = 21 (2.) 

c 

ab — L m — c = a* — ab (3.) 

ac = a'i — A» or c = (4.) 

a 

a^b — b" a''b — am'-a^b'\-b^ 

/. ab — m — Ci=^ab — m = 

a a 

5=s — — — = a' — ab or 6* — am = a!^ — a*b or b* + 
a 



... i = __?!. + y^ + «^ 



a^b =^ a* + am .% i = + v h «* + aw> 

iw 4 

^ 2 
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=.±^JfL-JL,. 



and (2) a? = — + V •*• when r = max. we must 

. d^ r . , 3a» — V5a* + 4a»» , ^ . 

have — = — =a* — 6= — • /. fl =60" — 

4 c 2 

2V5a* + 4a»i .*. 25a* = 20a* + 16am .•. a»= -— — , and a? = 

5 

a , a' 2m y2m j^ . ., 

— .% a;* = — ss= — .•. a: = V — • If J» = 1> then a: = 

2 8 5 ^5 

71. 



PROB. (13.) TO FIND SUCH A VALUE OF X A^ MAY MAKE 

mx — a;* = max. = r. 

We have a^ — mx -{• r = o, and let the product of three 
values of this equation = a?' + aa/^ -{• bx -\- c, and therefore 
we have^ 

a^'\'ax'^'\'bx'\-cj a:*— ma?-j-r=:o, [x^ — aX'\'a^ — 6=o,. •., (1.) 

a?* + ax* + fta:* + cx^ 

— ax* — bx* — ex* — mx 

— ax* — a^x^ — abx* — acx 



(a' — h) 3i^+{ab — c) x^'\-{ac — m) x \-r 

(o«— i) aj'+(a^--aft) a:«+(o'd— ft«) x+c (a*— 5) 



r 
.•• c{a* — i) = r .*. a' — b = — (2.) 

Alsoai — c = cf — ab (3.) 

u A« a^b — b' + m 
ca — w = a'i — b* .% c = (4.) 

a ^ ' 

a*6 — i' + m V — m 

••. ao — c = lao = = a' — ab or 

a a 

b* — m = a* — €fb .% 6» + a»6 = a* 4- m and .-. b = 

Now from (1) 



— a*+V5a* + 4m ^, ^ ,., a . ^/a» r 

'>^ = ir + V -1 — -- 



4 c, 
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4 c 2 

ass _-C — . ... a« = 6a« — 2V5a* + 4m .-. 25# 

aa ftOO? + I6l9l^ /• a* =x -— -^ NoW WAce — an -^ We mXiBt 

o 4 c 

, a ^ a* 16m m Vm 

have * = -^,: .-.0:4 = — -= j^^^ =^ -, ,-. ^ =- V ^.^ 

If m = 1. then a: = v — = 7-7=^. 

^ 5 V5 



P160^. (14.) rrcj find sijch a valub 6P it as m'A* iIake 

nud^ -^ a^ *= MAX. =t= r. 



Since we have 3^ — mx^ -j- r = 0, let the product of four 
values of this equation = oe^ + ax* + ^^ + <?^ + ^ •*• 

^ + oar* + 6ai* + ca?* + rfa?« 

- - — - -. 

— (a + m) a?* — Ja?* — car* — da?* 

— {a'\'m)3(i^ — (o* -f ^^) ^* — (ai+im)a:' 

— (era + cm) ar' — (arf + dm)x 

{a^-^cm — 6)x* + (fli + fim — c) d^-^- (ca+c»w--d) j?'+ (ad+di»)jp 
(a« + am — 6) a?* + (a» + a'm — a6)a?» + (o'6 + aim — 6«) a?' + 
(ca* + cam — hc)x 

•^ d {a^ -{- am — 6) 

/. r = rf(a' + am — b) .*. a* -f «^ — ^ ^^ "rf ^^'^ 

Also,-a£ + ^ — c = a' + a'm — a& . •.-.«.•. (3.) 

ca 4rcm — rf = a*ft + aim — "V. .-.. . . . .".^.«. . . .^ (4») 
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/.ca+cm — rf=c(a + w) — rf=c(a + f») — £^-^^=1*1 

a + w 

c(a+my — c<a(a+m) — by / t m i \ t l 

_ L J c(a+m) (a+m — a) + be 

a -{- m , a-\' m 

c(a + m) m + be ,, , , ,. , , , . ., 

== • — ; — — = a^b+ abm— b*=ab la + m) —b* 

b(a +m) -| a(a + m) — bV 
.-. e = m(a + m) + b ' ^"^ ^^^^ equation (3) 

b{a + w») -< a(a + w») — 6 >- 
«i + i«_c = A(a + «) ^(^ V »,) _t. a ^ = 

fflft(a + m)^ + 6' (fl + m) — ab {a + m)^ + A* (a + m) 

m{a + w>) + 6 

2i*(a + wi) + 6(a + my (m — a) ,/ , x r 

m(a + m) + b \ ■ / 

or 2i'(a + w) + A(a + w)* (m — a) = ma'(a + w)' 

+ ab{a — m) {a-+ m) — ai« or-| 2{a + m) + aV b^ + 

<ia-{-my{m — a) — a{a + m){a — m) > ft = «»o*(a + w)« 

or (3fl + 2m) b^ + {{a + w) (m — a) {2a + m)\ b = mc^(a + m)« 

or &« 4- (« + ^) (*-^« + m) (>» — g) . ^ ffla'(g + m)« ^ ^ ^ 
■'^ 3a + 2m 3a+2w ' " 



— (a+m)(2a+w)(ifi—fl)+ VCfl+m)' {(2a+w)« (m-«)« +4ma«(3fl+2m) } 



2 (3a 4- 2m) 



^ --(g+m)(2g+ffl)(m--g)+ V(4o *+8 a'm+5a'm+2am»-f m') (o+w)* = 

2 (3a + 2m) 

— (a+m) (2a+m) (m^) + (a+m)» VJ^H^' rfn««— - r«— «a\ 

2 (3a + 2m) * 

. z _ (g+m) (2a+m) (g— m) + (a+m} * 

2 (3a + 2iii) 

^ 2g(3g+2m) (g+m) ~ {m- 



( H8 ) 

It is evident that 2a{Sa + 2m) {a + m) = Sa^ + 10a* m -|- 4am* 
and (o + ^) (2fl+ *») (" — m) = 2a^ + o'm — 2awi' — 1»» ••. 
2a(3a + 2m) {a + m) — {a + m) (2a + w) (a — wi) = 
4a» + da^m + 6a m' + w»' = (a* + 2i?»a -f- »»«) (4a -f- m) 
s= (a + w)* (4a + w»), therefore we find a* -{- am^^b = 

(a + i»)' (4a + m) — (a + m)' ^/4a* + m* t3v^^/t\^ 
^^ 2(3a + 2m) • From(l),^= 

— ! L V ^ — z — ' T ••• when r = max., ^ — - — ^ 

2 4a 4 

(a + m)* (4a + m) — (a + m)* V4a* + m* ^ 

~ 2(3a + 2m) •*' ~ 

2(4a + m) — 2V4a» + m* _ _ y—^-j ^_ .^ , 

-i 1__^ — J—- ! .-. 5a = 2V4a' + wi* or 25a* = 

oa -f- 2m 

2m 

2m , a + m X"*"^ 5m 
16a« + 4m' or a= y, and x = — ^ = ^ = — . 

5 
If m = 1, then a: = —-• 



PROB. (15.) TO FIND SUCH A VALUE OF X AS MAY MAKE 

mo?* — a;* = MAX. = r 

Let y = X* .•. my* — y' = max. By Prob. chap. 2d, we 

4. u 2m , 2m ^ /2m . - 

must have y == --- or a;' = -— .-. jr = v — • If m = 1, 

3 3 ^3 

then ar = V -^« 
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PROB. (16.) TO FIND SUCH A VALUE OF X AS MAY MAKE 

WM?' — afi=i MAX. 

Let y = x^ .*. my — y' = max. then by Prob. chap. 1st, 

we must have y = -— or ar = — - .•. a? =s v — . It mz= I 

2 2 ^2 

1 

then X =s 3 /-TT* 
V 2 



PROB. (17.) TO FIND SUCH A VALUE OF X AS MAY MAKE 

mx^ — 07* = MAX. 

Let 3^ = y .\my — y' 5= max. then by Prob. chap. 2d, 

we must have y=v-r-ora:"= V-r-.*. ii?= v — ■• If 

3 3 ^3 

991 = 1, then X = 4 y * 



PROB. (18.) Ta FIND SUCH A VALUE OF X AS MAY MAKE 

mx^-afis^ MAX, = r. 

Since we have the equation mx — 3^ = r or afi — mx -\- 
r + Oy let the product of four values of this equation = 
»* + fiw?' + &p* + ca; + rf, 

/, <c*-fa«?+6«*+ca:+(l j of — fiMf-f-r=o (^«*— tf«+a* — S=o,..(l.) 

x^^ax^ + bx^ + ca/' + dx' 

-r- aa?* — ftx* — ca^ — da?' — wm: 
— cuf — a^x* — abx^ — acx* — adx 

(a^—b) x*+ (ah—c) «'+ (oc— d) x*+ tod—w) «-|- 

r 
4- d(a« — i) 

9* 

.•. d(a' — 6) = r or a* — i = —, (2.) 
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Also ab — c = a^ — aA, (S.) 

ac — d = a'b — b\.. (4.) 

ad — m=sca* — ftc, (5.) 

Equation (5) gives d = — .\ac— d^ssac — 

ca"" — bc + m bc — m _ .. ^ . ^ _ Q'& — 0^ + w 

, a*b — ab^ +m 2aft' — a*b — m 
.•. ab — c:=ao ^ = ^ = 

a» _ flj, /. 2ab* — i^b — m = a^b — ab^ .\ Bab"" — 2cfb = 

2a' m J , a' + Vo* + Bam 
m .\ V — _i== — and.-. 6 = — !— — -L •. «« — 

3 3a 3a 

ga + Vg« + 3 am _ 2a» — V^' + 3 am p. • >,. 

a w a' V c? 

we find, a? = — + V -T "T' •'• ^'^^^ r = max. then — 

»• % I. ^^ — Va' + 3am j ^i. i, 

s= -j-^^a" — 6 = ■ and therefore 3a» = 

a 3a 

8a' — 4 Va' + 3am /. 25a^ = 16a' + 48am, .*. a* = — r-, and 

a . a^ 16m m V*^ 

^ = _,...^=_ = __ = _...a.= Vf. Ifm = I, 

then X = ^. 

It may be remarked here that all the problems of the two 
last sections of this chapter may be solved without impossible 
roots, in the manner laid down in preceding chapters. 



Chapter IV. 

PROBLEMS OP MAXIMA AND MINIMA IN WHICH TWO OR 
MORE VARIABLE QUANTITIES ARE USED. 

If there are two variable quantities, find the value of each 
in terms of the other, according to the conditions of maxi- 
mum or minimum, and it is evident that by this means we 
will find two equations by the comparison of which the values 
of the two variable unknown quantities will be found in 
terms of known constant quantities. If there be three vari- 
able quantities, find the value of each in terms of the other 
two, and thus make three equations, by means of which the 
values of the three unknown quantities will be determined. 
The same method may be adopted when there are four or 
more variable quantities. 

The reason of this rule is obvious. When the being of 
maximum or minimum of any function depends on the values 
of two variables, for instance, then it is evident that the 
value of a single variable in terms of the other, found on 
the function being a maximum or minimum, will, itself, be a 
variable quantity, since the other variable is not yet deter- 
mined ; and consequently there will be infinite maxima or 
minima of the function proposed. Now in order to find the 
required maximum or minimum out of these we must solve 
the function with regard to both for their maximum or mini- 
mum values, then compare these two values, and thus deter- 
mine them. The same reasoning may be applied in the case 
of functions of three or more variables. 



.-. z'^ = c« 
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PROB. (1.) TO INSCRIBE THE GREATEST PARALLBLO- 
PIPBDON WITHIN A GIVEN ELLIPSOID. 

Let 2a;, 2y, 2z be the edges, 2a, 2£, 2c the principal diame- 
ter of the ellipsoid .*• the contents of the parallelopipedon = 
%xyz = ti, and by what is shown in the introduction we 
find the equation of the ellipsoid to be 

jzr* a;* v' 

_ -I 4- i— = 1 

c« ^ a« ^ 6* ^ 
1 — Ti) and /. square of ^xyz = 

64«^yV = 64F*y' X c' ( 1 — ^ — |r) = 64c« >c 

(x^V^ a:*v' a:'v\ 64c' 

= max. and .*. tjfVw^y^ — 6Vy' — aVy* = max. First 
let X he considered as constant and y as variable •*• a*dVy* 

— i*a?*y* — a^jfly^ = aV^ ; y^ ) =s max. .•. 

5L_ ^_y^ = max. =r .-. y' j^ y« = 

— »• • • y — 2a' - ^ i;^* ^> ' • ^^^^ 

r == max. we must have —5 == r, and .*. y« = 

a}V — ft V 

2a» ^*'^ 

Now let y be considered as constant and x as variable, .*• 

aVj?'y' — aVy* — iya?* = iy(^ ^,— ^ «' — 3:7 = 

aV — ay , ^ a'6» — ay 
max. .*. T^ a:' — a;* = max. = r, .'.a?* r^ 
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jTa ^^ wnen r = max. /. x == -75 . . (2.) 

.•. y« == 5 . Comparing this equation with equa- 

^ fl'y _ JV a«i» — 26V 2a«6* — 4iV 
tion (l) we find r^^ .= ^ = --; 

a* a 

/. 3iV = a*6% /. x^ = — , .*. ar == —— and .*. equation 

{l)give8y»= _^-_- = -_ = _...y = ;^and 

* . . 4 

= -p=. If t? = volume of ellipsoid, t? = -- poAc where p 

2i; ^_ 

= 3.14 &c. .*. u = / or tt : t; : : 2 : pV 3. 



r« 



PROB. (2.) GIVEN THE SUM OF THE LENGTHS OF THE 
THREE AXES OF AN ELLIPSOID, FIND THE LENGTH OF 
EACH, THAT THE VOLUME OF THE ELLIPSOID MAY BE A 
MAXIMUM. 

Let 0?, y, z be the three axes and 8 their sum .*. ar + y + 
z ^= s .\ z=^ 8 — X — y and the volume of the ellipsoid = 
^xyz = ^xy {s — x — y) = ^p [sxy — x^y — xy^ = max. 
.'. sxy — a?'y — a?y' = max. First let a? = a constant quan- 
tity, .*. w (sy — xy — y*) = w j {s — x) y — y^\ = max. 
and .-. {8 - x)y—y*— max. =r .*. y* — [g — x) y = — r^ 

8 — X , /(8 — X)* -- . . .J ^ 

and .'• y = —5 — + V r ^* Here it is evident 



Is — xY 
that when r = max. we must nave ' — - — '- = r, .*. y 



8 — X 



(1.) 
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Now let y == a constant quantity^ .*. sxy — a?«y — xy^ = 
y{8x — a;* — xy) ^=y\ (« — y) x — ar' > = max. .•. {a — y) 

z — ar* = max. == r, .•. x* — (« — y)^ = — T^ ••• a:= + 

V -^ ^^ ^j and.'. ^ 2^- = r,wnen r:=-max. .•.af = 

— _?, ,\ y = s — 2x. Equation (1) gives y = ^- — , /. 

* — 2ar^ = 28 — 4x=:s — x .'. 3ar = «, .•. a?^= — and 

2 3 

2« « J * 

y =siS — 2a: = * = — - and r = « — a? — y = s 

^ 3 3 -^3 

= — , and hence it appears that the axes of the 

ellipsoid required^ when a maximum, must be equal to each 

other ; that is to say, the ellipsoid required must be a sphere. 

The same may easily be solved without impossible roots. 



PROB. (3.) TO FIND THE VALUES OF X AND y^ WHEN 

ar* + y' — 3aa;y = max. or min. 

In the first case let a? = a constant quantity and find the 
value of y which will make a:' + y' — 3aa;y = max. s= p .•. 
y' — 3aary =p — a;* = r, .•. y* — 3aa;y — r = o. Now let 
b =' one of the negative roots of this equation, and •*• y + A 
must exactly divide it. 

y + *J y^ — Saxy—r = o [y* — by + b* — 3fla?=o, (A.) 

y' + h^ 

— by* — 3aa;y 

— &y* — yy 



(i* — Sax) y — r 

(i* — Sax) y + i(6' — 3flr) .•. &(ft' — 3fla?) 

[= — r .*. 6« — 3aa? = =- 

o 
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.\ 3aa? — A» = ^ and 3«6« — * J' = r. Now equation (A) 



giv es y« - ^ = .^^ .-. y = -- + V -^ = ^ + 

4^ II — ' J ' — w Here it is evident that if 4r + 4i' Jk>e 

a negative quantity, there shall never be a maximum or a 
minimum, and if 4r + 4A' be positive, we shall have a 
minimum ; for in this case we cannot suppose r so small or 
negatively so large as to make 4r + 4J* less 34' which is 
nesgative, /. when r = min. we must liaye Ar -f- 44' c= 36* or 

\2ab(Xf — 44' + 44' = I2ahx = 34' or i = 2^/az and y = — 
2 

= Voo;. When y is considered as constant, we can show, 

exactly in the manner above stated, that x = Voy, .*. a?' = 

ay = a V^oa:, /. j?* = a'o?, .*. a;' = a*, /. ar= a, and y = VSJ = 

Va* = a. 

7%e 9ame solved tvithout impossible roots. 

m r h 

In the equation y* — 4y = — -, let y = ^r + -— and there- 

4* 4* 4' r 

fore y* — 4y = ;8r* + 42r + — 42r — '^=^* r =t 

4 2 4 4 

4* . . . 

/, r=bz^ • Here it is evident that r becomes a mini- 

4 

mnm by being negatively large (for r ?c= j9 — x^) and •'. when 

4' 

r = min. we must have z = o, .*. r = = Sa4^ — b^^ /. 

4 

— 4' = 12a4;c — 44' ••. 34' = I2abx .\ 4 = 2Vm as befprie^ 



PROB. (4.) TO FIND THE VALUES OF X AND y SUCH THAT 

a?'y' (a — x — y) == max. 

First let x be considered as variable and y as constant, •*. 
r*(a — 0? -^ y) = (a — y) aJ* — a:* = max. or Ax^ — of* = 

w 
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max. where a — y = A. Now proceeding exactly as ia 
Prob. (4), chapter 3d, we find a; = — = ii^-Il?^. . . . (i). 

Now let X be constant and y the variable, and dividing the 
given expression by a?' we find y*(a — x — y) = (a — a?) 
y« — y* = By* — y* = max. where a — x= B. Now pro- 
ceeding exactly as in Prob. (4), chapter 2d, we find y = 

3- = J (« — a?) — - l^fl — — (a — y) J^ from equation (1) 

*'^ 3V4 ^ 4y 12^12 6^2'"^ 3 

2, . 3/ a\ 3, 2a a 

/. j?= —(a — y) =— (a— — ) = — X — =-?r» 
4^^^ 4\ 3/ 43 2 

The same may be solved without impossible roots as pro- 
blems in the preceding chapters. 



PROB. (5.) GIVEN THB PERIMETER OF A TRIANGLE ABC^ 
SHOW THAT ITS AREA IS THE GREATEST, V7HEN IT IS 
EQUILATERAL. 

Let 2p = the perimeter of the triangle required, AC=^Xy 
AB = y and •*. CB = 2p — x — y, and consequently, by 
what is shown in the introductory chapter, the area of this 
triangle = Vj9(/? — x) (p — y) {x + y — p) = max. and .•. 
p(p — x) (p — y) (x -\-y — p) = max. Now when x is con- 
stant, we find (p — y) (x -{- y — p) = max. .•. — p* -{-px -f- 
2py — xy — y^ = max. and since x and p are constants, we 
find 2py —xy — y'=max. = r, .*. y'^ + xy — 2py = — r. .-. 
yi — {2p —x) y ^= — r, and solving this quadratic we find, 

2p — X , /(2o — xY — 4r , , 

y = -^--~ — + V ^-^- and .*. when 4r or r = 

2 4 

max. we must have {2p—xy = 4r, and .*. y = P~^ . . (A.) 
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Now suppose y to be constant .•. {p — x) [x -{- y — p) = 
max. or — p^ + 2px -\-py — a:' — xy = max. and since y and p 
are constants^ we find 2px — a?* — xy =^ max. = r ••. x^ — 

{2p — y)x= — r. Solving this quadratic we find x = ^ ^ 

_ i-i- ^ , and here it is evident that when r or 

4r = max. then (2p — y)* = 4r, .'. a? = -^ ^ .... (B.) 

Comparing equations (A) and (B) we find y = -^ — == 

2p-^p-y 

^ 2 2o + y ^ ^ , 2 
2 = -^^^y ••. 4y = ^i? + y, .-. y = g- A /. 

a? = = 2 ^^ X ^^ ^" ^ *^*^" ®^^^ "^^ 

2p — a? — y = 2p-— -—p P ^=^ -^Pi suid hence it ap- 
pears that the triangle required must be equilateral. 

The same may be solved without impossible roots^ as pro* 
blems in the preceding chapters. 



PROB. (6.) GIVEN THE SURFACE OF A RECTANGULAR 
PARALLELOPIPEDON, FIND WHEN THE CONTENT IS A 
MAXIMUM. 

Let X, y and z = length, breadth and thickness of the 
parallelopipedon and 2a = its surface. Now it is evident 
that the whole surface given must be = 2xy + 2xz + 2yz = 

2a ox xy -{- xz -{• yz ^= a, and .*. z = ^ and the con- 

x + y 

tent = — ; -^ = max. When x = constant and 

X + y 

y = variable ••. y X — r— ^ = ni^x. (A.) 

x + y 
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and when y =* constant and x =s: variable then a? X ■ "^ - 

= max « (B.) 

Ecmation (A) gives ^ ■ . =max.=r, /. ay — a:y* = r«4- 

ry,...y--^=-r,,-.y = -g^+V jp^ 

and hence it is evident that as r is greater^ so (a — r)* be- 
comes less, and 4^V greater, and /• when r = max. we must 
have (fl — r)* = ^ah" or a' — 2ar -f /^ = 4d?*r, and .*. r* — 
2(a + 2ar») r = — o% .-. r = a + 22:* + 2a? Va + ar% /. y = 

—T — = — x — va + ar* (C). When y =? constant, 

then from equation (B), --^ =^ nuDu s= r ; and exactly 

as above we find x = — y — Vo + y* (D.) 

From equation (C) , y -f ar «;= — Vo+^j •*• y* + ^xy-\'Sp^ = 

a + ar% /. x = . ^ ^ , and firom equation (D) we find "[" 

^ 2y 

o + y», /. l^ ,=. — aI a-^y\ and .•. 

^y 

a» + 2ay* + y* ■•o + y'i i*^. 

^ 4ya ^ = a + y* or -^^ = 1, .-. a + y* = 4y% .-. 



a — 



• « ./«j « — y' ^ /a 

* i^ — , .•. y= V — and X = ^ 2=« ■■■■ y.^ - ^sb^ tJ ^ 

2y 2>/iL 3 



3 






^+2^ TTZ 



and .*. a?y + xy + y;? =a?* + ^' + ar* = 3a?* = 3 X — = o ; 

hence it appears that the required parallelopipedon is a cube. 
The same may easily be solved without impossible roots* 
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PROB. (7.) INSCRIBE THE GREATEST TRIANGLE ABC 
WITHIN A GIVEN CIRCLE. (Fig. 64.) 

Let R = radius of the given circle, a^ b, c, the unknown 

sides of the triangle required, n = ^ By m = Z. C. .*. Area 

n .^. . ' 1 BC X AD BC.AB.AC ^ , 

of the triangle = = xp • Because by 

6 B. Euc. we have 2R X ^D = AB.AC .•. 2Rc sin. n = c5 

Sin fi% 
/. b =i2R sin. n .\ c = b —r-^ — = 2R sin. m and a = 222 

sin. n 

sin. -4 = 27J sin. {m + n) .*. area required = — -. = 21? 

4jR 

sin. n sin. m X sin* (n+^) = max. •*. sin. n sin. m sin. {m-{-n) 

= max. Now let sin. « ■= a? .% cos w = Vl — a:*, sin. w = 

y .•. cos m = Vl — y' /. a;y (a: Vl — y* + y Vl — a;*) = max. 

First suppose that a: = constant, .•. y(arVl — y* + yVl — ;r') 

/-i r . yVl — a?* - ^ VI — a?» . 

or Vy* — y* -f "^ = max. Let = A .*. 

a? a? 

Vy* — y* -{• ^y* = max. = r .•. y* — y* s= r* — 2^ry* -J- 

^y '-y — ^._|_i y jT+i-^ " 2(a* + 1) - 

/ AttiA — 7*) -I- 1 
V — w ^, . ,T and here it is evident that r cannot be taken 
^ 4(-4» + l) 

so great, as becoming greater than A may make 4r(-4 — r) 

e=a a negative quantity greater than one, for in this case the 

root becomes impossible, and therefore when r = max. we 

must have 4r(-4 — ^) = — 1 •*• V* — ^r = — .•. r = 

^ + V2mM j ,_ 2^r+l _ A^'^\^A^IW^ 

2 ^'"'^ ^ ~ 2(^« + l) ~ 2(^«+ 1) 

,. . ^. 1 — ar* . 1 4- Vl — ar« . ^ 

but -4« = — ; — .•. y» = 5 or sin.« m = 

1 -f- cos n / A \ 

2 ^ *' 

In exactly the same manner as shown above we may find. 
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. 1 + cos m .„ . 

8in.«ii=r (B.), 

when y = constant and ^L be supposed = A; from (B) 

we find 

. ^ . , 1 + cos m 1 — cos m 
1 — sin.« n = cos' n=l —^ = ^ ; /. 

but equation (A) gives cos* n = (1 — 2 sin.* m)* =^ 

1 -^ cos m . ^ 1 — cos m , « • « 

or cos 2m = ;; .'. cos m= 1 — 2 cos* 2m 

2 2 

= — (2 cos' 2»i — 1) == — cos 4»i .*. cos m = — cos 4m. 

Hence it appears that m is such an angle that its cosine is 

equal to the negative cosine of its quadruple •*• m = 60^. 

TVT ^ 4- mx • . 1 + cos 60° 1 + i 
Now from equation (B) sm.' n = — = — !— i: = 

— .% sin. n = .*. n also = 60° .•. the third angle == 

4 2 ^ 

^ = 180 — 60"= — 60° = 60° /. the triangle required is 

equiangular and equilateral. One of its sides = a == 2Zi 

sin. A = 2RX -^ = fl V 3" = i = c. 
The same may easily be solved without impossible roots. 



PROB. (8.) TO FIND THAT POINT WITHIN A GIVEN TRI- 
ANGLEj FROM WHICH IF LINES BE DRAWN TO THE 
ANGULAR POINTS^ THE SUM OF THEIR SQUARES SHALL 
BE A MINIMUM. (Fig. 65.) 

Let ABC be the given triangle^ and let BD = o, AC =.by 
AD = c, AE = Xy EG = y where G is the point required, 
.•. DE = ar — c, FB = a — y, and EC = b — a?, and there- 
fore -4G'+ CG'+ GB» = a?' + y*+ (i— a:)« + y«+ (a? — c)' 
+ (o — yr = 3a:* + 3y» — 2(i + c) x—2ay + d' + b^ + e* 

= max. .•. a?' + y' ^ — ^~ Y^ ^ 3 
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max. =^ r. First let y = constant and x variable a?' — 

3 3 ^ 3 ^ 

-3-+ V^ 3 + 9 y + 3-y 

i + c , / , 26c — 3a' — 2i« — 2c* , , 2a 

= -^^ ± V ^ + 9 y' + -3- y- 

By inspecting the diagram it is manifest that 2i* 7 2bc 
.*. 26c — 26' = a negative quantity = — w, /. we find 

6 + c . / wi + 3a* + 2c' ' 2a 

X = -3— + V r ^ y* + 3- y 

6+c , / n 2? 3a^ , . 2a 

= -3- + Vr--^-y---y' + -y. 

3a' 2a 

Now we say that -^ + y' is 7 — y ; if it is not so, 1st, let 

30* , , 2a , 2a 3a' a+V^^^^^2a« 

h y — -:r y^ •'• y y= 9 ••• y = -^ = 

Q-ry 3-^ 3^ 9^ ^ 

3a' 2a 

an imaginary quantity ; 2d, let — + y' Z y y, and .•. let 

3a* . , , _ 2a ^ 2a 3a' 

9- + y* + ^ = -3 y. ••• y — 3" y = ^ -gP — P, .-. y = 

a + V— 2a' — 9P . . ^.. u 3a' 
— = = an imaginary quantity. Hence 

• . 2a 
— y* + --- y = a negative quantity = — m; suppose .-. j: = 

6"|~c / 71 2c' 

— — + \ r — — • — w», and .•. when r = min. then 

^ I 2c' , J 6 + c /,x T,ri 

^= -5- + -^ + w» and <r = — ^ — (1). When x = b. 

constant, then from the original equation we find 

y' — y y = r ^g «* + '■ J^ a; and as 

above it may be shown that when r = min. we must have 

a* + ft' + c« . , 2(b + c) a 

r = — '—2 h «' — s ' ••• y= 3- . • •• (2.) 

The same may easily be solved without impossible roots. 
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PR OB. (9.) TO FIND A POINT WITHIN A TRIANGULuAK 
PYRAMID^ FROM WHICH, IF LINES BE DRAWN TO THE 
ANGULAR POINTS, THE SUM OF THEIR SQUARES IS THE 
LEAST POSSIBLE. (Fig. 66.) 

Let ACEB be the given pyramid, ABC its given baae^ 
EG s= a == perpendicular drawn from the vertex to the base 
of the pyramid. Let K be the point required and the per- 
pendicular drawn from this point to the base «= KH and HD 
= perpendicular from Hto AC = y^ and AD = ar, GF=s 
perpendicular from G to AC = b^ and AF= c. Let Hn be 
drawn parallel to DF, .\ Hn = DF = c — x and Gn = GF 
— HD = b — y, .-. HG^ —(c — x)* + (A — y)'. Also let 
AC=dj .'. DC= d—x. Draw KL parallel to if G and 
.•. HG* = KU. Join K^ B and B, fl, and now it is evident 
the ^ KHB = a right angle. By a process exactly similar 
to that used in the foregoing proposition, it may be shown 
that HB* = (d — x)* + (e — y)* where e is the altitude of 
the triangular base of the pyramid /. KB* = (rf — a:)* + 

(e-yr + 2r« (1.) 

It is manifest that AH^ + KH' = AD" + HD^ + KB' = 

x' + y'+z* (A.) 

CK^ = CH' + KH'=CD' + HD^ + KH' = {d—x)* + 

y^ + z*=d' — 2dx + x*+y'+z* (B.J 

KE" = Kl' + IE' = Kl' + (EG — KHy 
^{c-xY+{b-yy + {a-zy 
= c* — 2ca? + i' — 2by + a' — 2aj2r + ar« + y« + j2f» 
= «« + &* + c'— 2cx—2by — 2az + w^-\'y* + xr'.- (C.) 

From equation (1) we find 
jrJ5»=#+ e* — 2dx — 2ey + x" -^ y* '\- z* (D.) 

Adding together these four equations we find 

AK' + BK* + CK^ + EK' = 

Ax* + Ay* + 4j?*+ a* + b* + c* + 2d' + e* — 2cx — 2by — 
2az — 4tdx — 2ey = 
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^ * ^ 2 2 2 

Now as — ' ^— j-^ ~ = a constant .*. when 2r, ory, 

or X, are supposed to be constants respectively, we shall have 
severally the following three equations, the second members of 
which must be such ais to become negative when the original 
minimum quantities are taken very small, for these second 
members are nothing more than the difference of the mini- 
mum quantities supposed and constant quantities taken to 
the other sides of the equations. 

0?' ^ — X = min. = r when y and z are constants, 

y^ _— y = min. == r when x and z are constants, 

z* — ^ z = min. = r when x and y are constants, and 
from these equations we find 

4-^ 16^** 4- 16^ 



= ^±J~ 



and 2r = — + V — + ''j and here it is evident that t 
4 16 

cannot be taken so small, or negatively so large, as to make 

the roots impossible, and therefore when r = min. we must 

have ^— I- — - + r = 0, ^ ^ ^ 4- r = o, and -— + r = o, 
16 16 '16 

and .*. X = — I — , y = — - — and ^ = — . 

4 '^ 4 4 

The same may easily be solved without impossible roots. 
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PROB. (10.) TO FIND VALUES OF X AND y SUCH AS WILL 
MAKE (X + 1) (y + 1) (-8^ + 1) == MAX (1) WHERE 

a^AV = A.,.. (2). 

Taking logarithms of the equation (2) we find 
X log a -\- y log b -^ z log c = log A and let log a =p, log 6 
= w, log c = » and log A, = q (3) 

a — px — my , , 

.•. px + my +nz = q, .*. z = ^ ^ ^ .\ z + I = 

q -jr ^ p — y gijijgtituting this value of 2r -|- 1 in (1) 
n 

we find 

(,+ 1) (y+i) i9 + n-p^-my) _ ^^^^ ^^ (^^ J) 

(y -|. 1) (g -}- 71 — ^a; — my) == max. Now when a? + 1 = 
constant, we have (y + 1) (g + w — ;?a? — my) =z {q j^ n) 
y — pxy — my' — my — px -^ q -\'n = max. .*. 

X_L £1J 

, px —'q — yi 'X . y + yt — m — jpj : 

«/ — «/ , — r ^ = max. . . = — 

^ ^ ' m J m 

« px — q — n ^j px — q — n 

y — «/* — ''- ^ = max. Now as ^ = 

^ ^ m m 

i.^ 1 q + n — m-- px , 

constant, we have ^— y — y^ = max. == r, .*. 

y^ — — y = — r. Solving this quadratic we 



^ 2m — 4m^ 

here it is evident that when r = max. we must have 

(q + n — m—pxy ^ ^ g + n — m — p x . 

4m' -r,..y- — (4;. 

Now let y = constant .*. (a? -f- 1) (q + ^ — P^ — ^y) = 
max. .•. {q + n — my) x — px^ — my + q -j- n — px = 

{q + n—p ^my) x—px"^ + q + n — my = / y + ^ p — my 

K p 
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q-{- n — my \ _„^ . q + n—p — my 

p J 



^ — «' + -^ — Z r XP = max. /. 

Mr 



X — x^ + ^—^ = max., and as ^-^ = 

P P 

\ . ^ , 7 + ^ — p — ^y « 

constant, we must have ^— ^ x — a? = max. = r 

/> 

and therefore x^ — ^ ^ ^ x = — r ; solving this 

P 

quadratic we find . = ?±^:^=^ + ^ {q-\-r^^^rnyy _ ^ 

.'. when r = max. then x = ^ (5.) 

/. px == -^ -. Substituting this value of px 

q -{- n -- p — my 

in (4) we find y 



9+.- ~- 2 



2m 



q + n — 2m-\- p + my y + n + jp — 2m 

4iii •*• ^ 3^ ....(6). 

Substituting the values of g, », p, m from equations (3) we 
logA+logc+loga — 2logi log(^ac) — 2 log 6 

^"^y= Ti^b = 3bp 

. - log (Aabc) 

•••J'+^=-fT^ (7.) 

Substituting the value of y from equation (6) in (5) we 
find q + n — p — g + n + p — 2m 

3 2q + 2n—4p+2m 

2p ~ 2 X^P 

= ^ i * Now substituting the values of g, », w, 

and ;, from (3) we Hnd x = log -^ + log^ + log ^-2 l«g « 
^ ^ ' 3 log a 

— log {Abe) — 2 log o . , , - _ log (^aic) 

3ki^ ..* + l 3 log a (8.) 

Now from equation a; log o + y log d -j- ^ log c = log ^, we 
find z log c = log A — X log a — y log 6 



= log il — 
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\og(Abc) — 2 log a log(ila<;) — 2 log 6 



3 3 

_ 3 log il— log il-log (6c)4-2 log a.log il— log (ac)-(-2 log 6 

3 

log -4 — log {be) — log (ac) -f- 2 log a + 2 l og b 

3 

log A — log b — log c — log a — log c4-2 log a+2 log b 

_ ^ 

logi4 + log 5 + log a — 2 logc logf^lafi) — 2logc 

3 ~ 3 

log: (Aahc) 

•*• -" + ^= 3 log/ •"• ^^ ^^^ (^ + 1) (y + 1) {^ + 1) 

-| log (Aabc) y 

' 27 log a log 6 log c 
The same may easily be solved without impossible roots. 



PrOB. (11.) TO INSCRIBE A TRIANGLE WITHIN A GIVEN 
CIRCLE SO THAT ITS PERIMETER MAY BE A MAXIMUM. 

(Fig. 67.) 

Let -^4BC be the triangle required. The centre of the given 

circle is E^ and ED, EF^EG perpendiculars let fall from the 

centre on the sides of the triangle. Let the Z. AEC = 29 

.•. each of the angles AED, and CED = 8. Likewise AEF 

= FEB = y and .-. the Z BEC = 360® _ 29 — 2y and 

360 — 29 — 2y 
.-. BEG ~ GEC = 2 ' = 180 — (9 + y) and 

sin. BEG = sin. (9 + y.) Also let the radius of the given 

a ... o 

circle = — . Now it is evident that AD = — sin. B .\ AC 

= 2-4D = a sin. 9^ and in like manner ^B = a sin. y,and^C 
= a sin. (9 -|- y) .*. perimeter = as 8in.9-|-sin. y-(-sin.(0f y>) \ 
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= max. .*. sin. 8 + sin. y + sin. (8 + v*) == "lax. Now let 
sin. 8 ^: constant .*• sin. f -\- sin. 8 cos. ^ -f sin. ^ cos. 8 = 
(1 + COS. 8) sin. y + sin. 8 cos. v> =• max. Let 1 + cos. 8 
= w, sin. y = a:, sin. 8 = c, /. cos. y = VI — x' .'. 
nx + c\/l — a?* = max. = r, .*. c' — cV = r* — 2nrjir 
+ wV .*. (c* + n^) x^ — 2nrx = c« — r', .'. ^« — 

2wr c' — r* 

^ , , X = a ; solving this quadratic we find a? = 

nr 4- c Vc' + w' — r« , 

;— ; — 5 .*. when r = max. we must have c* + 



nr n 



^ ' c^ + n"" Vc'+n* 

1 + cos. 8 1 + cos. 8 

V 1 + 2 COS. 8 + COS.' 8 + sin.' 8 ^^ V2(l + cosfdj "^ 

, / 1 + COS. 8 . . / 1 + cos. 8 T ,., 

V • i •*• X = sm. V = V ■ • In like 

2 2 

manner when sin. f = constant^ we may easily find sin. 8 = 

V — -^-"s — ^* Now let sin. 6 = y .% cos. 8 == Vl — y* 

and we have supposed sin. y = a: .•. cos. y = Vl — x^ .*. a:' = 

1 + Vl— y« , , 1 + Vl — a:' , . . , , , 

— ! — ^ and y' = — ' — and .•. 4«' — 4a?' -|- 1 = 

l_y«...y»=:4a?«(l— a?«) (2.) 

Also 4y* — 4y* + 1 = 1— ar' .•. 4a:' = 16y' — 16/; 
substituting this value of 4a?' and 1 — a:' in equation (2) we 
find y' = (16y' — I6y*) {4y* — 4y' + 1) = — 64y^ + 

128y« — SOy' + 16y' and f — 2y^ + 1 y' - ^ = ol 

4 d4 

5 15 

Now let y* = ;?, .*. 2r^ — 2j2r' H z = o. This equa- 

^ ^ 4 64 ^ 

3 
tion is exactly divisible by ^r as may appear by actual 

division .•. — = a value of 2r = y', .•. y -= ^ and 
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a?' = — — z- = =r — and 07 = V — or sin. 

2 2 4 ^2 

= V — and sin y = V — .*. 8 = » = 60® and hence it 

^2 2 

appears that the triangle required is equiangular^ and the 

sides = each where a = radius. 

2 

The same may easily be solved without impossible roots. 



PROB. (12.) TO FIND SUCH' VALUES OF 0?, y, Z AS WILL 

a^yz 

^^^^ (a? + a) {x + y) (y + z) {z + e) ~ ^^^* 

0? 
First let y and 2r = constant quantities .*. 



(x + a){z + y) 

— r«o^ . (g + a) {af + y) _ ar* + (g + y) ^ + gy _ -^ 
= max. .*. = • = mm. 

X X 

= r, .% 0?' — (r — a — y) j? = — ay. Solving this quadratic 

we find x = + V ^ r — — ay, and here 

• (t '—' a ■^— vl* 
it is evident that when r = min. then ^ — ^^ = ay .". 

r — a — y . — r — a — y / — ^, , 
2 = Vay, .-. a?= ^ = Vay (1.) 

Secondly when x and z = constants we find likewise 

y = \^xz (2.) 

Thirdly when x and y = constants we find z = Vye . . (3.) 

From (1) and (2) we find x^ = ay and a:' = ?^ and ay == 

z 

V* v^ z^ 

^, .*. a= ^ /. y^s=az^ and from (3) we find - ==y, .•. y» = 

Z Z € 



^ , . . , 4 /— , Z^ V-' 

e 



* , 4 3 4 / — r , z- \ae 
- = az% .-. z* = ae\ .-. ^ = Vae' and y = — = = 
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Vae = ^^Id^e^^ x = Vay, /. x^ = a'y' == a' X ae = a% .•. a? = 
*Va*e. Hence it appears that ar, y and ^ are in geometrical 

77" 

progression and the common ratio is V — • 

The same may easily be solved without impossible roots. 



PR0B..(13.) IF THE CONTENT OF A RECTANGULAR PARAL- 
LELOPIPEDON BE GIVEN, FIND ITS FORM WHEN THE 
SURFACE IS A MINIMUM. 

Let the content of the parallelopipedon = a = xyz .*. 

j2r = — ; and it is evident that half its surface must be 

, , . , a , a ar'v' 4- ax -^ ay 
=^ xy -^ xz -f yz = min. or xy -\ -{ = — 2—- — - 

y z xy 

•n- i. 1 ^ ^ A. ^y + fl^ + «y 

= mm. First let y = constant /• —^ — ■ = 

X 

\ y^ y J . y y 

^— = mm. .*. ^ ^ = mm.= r. .'. 

X X 



?V 



y 
2 " ^ 



a 
r — 



.*. when r = min. we must have 



y" — a/^ . 

= V — • . X 



2 y 



V — • Likewise when x = constant and r = min. we find, 

'n a a - 

y = \ — and z =r — = = ^/xy ; therefore x* = — 

X xy a y 

A/xy 

:i ft o ^ a* ^ a* a a^ ^ a 

and y'* = — .-. y' = -^ or x^ = ^ .\ -~ = ~, .M = _- 

X x^ y y y y' 
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or y = aK*. d?* = -p = fl^ .". x=^(A and z = ^/xy = Valai 

= Vat = ai. Hence it appears that the parallelopipedon 
is a cube. 

The same may easily be solved without impossible roots. 



PROS. (14.) TO FIND A POINT P WITHIN A QUADRILATE- 
RAL FIGURE ABCDy FROM WHICH IF LINES BE DRAWN 
TO THE ANGULAR POINTS, THE SUM OF THEIR SQUARES 
SHALL BE THE LEAST POSSIBLE. (Fig. 64.) 

Let AD = bf AB=a^ BC=c. From the points D, 

C and P draw straight lines perpendicular to the base or the 

base produced of the given quadrilateral .•. FD = b sin. A^ 

FA = b COS. AyGC—c sin. B,BG — c cos. B. Draw EPH 

parallel to ^B and let AN =x,NP = y .-. EP = FN==:^ 

AN + AF = X + b COS. A, ED = DF— EF= DF— 

PN=b sin. A'-y. PH= NG = NB + BG = a — x + 

ccos.By CH= GC—HG=GC—PN= c sin. B — y;we 

therefore find, AP' = x^ + y"" (1.) 

PB'={a — xy + y^ (2.) 

PC ={a — x + c COS. By+(c sin. B — y)* (3.) 

DP" = (x + b COS. Ay + (b sin. A — yy.. (4.) 

Adding these four equations we find ; 

AP* + PB' + PC^ + DP'= 2y« + x*+ (a — xy + 

(^a — x + c cos. By + {c sin. B—yY+ (x + b cos. Ay + 

{b sin. A — y)* = min. 

First let y = constant and x = variable, .•• a;' + 

(o — xy + {a— x + c cos. By + (x + b cos. Ay = min. 

or 4a:« — 2 (2a — b cos. A + c cos. -B) a? + 2a« + 4' cos.' -4 

. / a 2a — 6 COS. -4 + c cos. B 
-f 2ac COS. B = 4{^x^ 2 ~ ^ »■ 

2ae + y COS.' A + 2ac cos. B ^^ ^ ^^^, _ r^ + Q) = min. 
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••. x« — Rv + Q = mill. = r, .*. a: = -- + V -- + r — Q. 

2 4 

Here it is evident that r cannot be taken so small as to 

IP 

make r — Q a negative quantity greater than — ^ and •*• 

when r = min. we must have — = Q — r, .•• a? = — = 

4 ' 2 

2a — b COS. A -^ c cos. JB 
4 • 

Secondly let a? = constant^ we find 4y' — 2 (6 sin. -4 -f- 

c sin. B) y + ** s^^** A -}• c* sin*. B = min. and proceeding 

exactly in the manner as shown in the case of y being a con- 

, , ^ , i sin. A -4- c cos. B 

stant we find y = ^ • 

4 

The same may be solved without impossible roots. 



PROB. (15.) LET U = ax -^ by -^ CZy A MAXIMUM AND 

** + y' + ^* = 1 5 FIND x^ y, AND z r. u = ax -{■• by '■\- 
c^/l — a^ — y* = max. 

First let y = constant /. ax-{'C Vl — x* — y' = a(ar + 

C r C i 

— V 1 — x'— y«) = max. .\xA v 1 — a:* — y' = max. = r .•. 

a a 

c* c' c* a* + c* 

-1 ^V ; y' = ^' — 2ra: + ar« and .*. — 1_ a?« — 2rj? = 

cr a^ a* o« 

— — . y* — r* and therefore x' x = ^ 

a' . a*^ a*+€^ a"" +c'' 

^ __ gV , / (g' — cV ) (g'+g') + a^ — a^ (a*+c^ 

••* a* + c*-^ (a« + c»)« 

and .*. when r = max., then (c* — cV) (a« + c*) = aVr* 



oV _ gV 

* gM^ 

Y 
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= «^^ ; <■•> 

Secondly^ when x =» constant, proceeding as above and 
putting b instead of a and ^ instead of y we find y = 

iVlHf! (2.) 

a* — ay 



Squaring equations (1) and (2) we find x* -^ « j. ^^ 



• • 



y = ^ . — and .♦. y* = ., , ■ ^ = ^-^ — '— 

— o» *** a* *» + c* > + c» 

i« 4- c« ^ it ^ <.« * \ a» i' + c'^' isFc* 

/. g'fc* -f- a*c* + iV + c« — a*y , _ c^ , 

«'(** + <^) * A' + c» *** * ~ 

a« + &. + c» •'• "^ "° Va» + i«+c»''°'^ •'• ^' = *' + c» = 

a*b* 

''*" a*+b' + f b* + 6*0* b* 

b* + c* (*♦ + <!•) (o* + 6* + «") a' + b'+c* 

.♦. z = 



a' + i» + c* a' + b'+c'" " Va' + 6' + c*' 
The same may easily be solved without impossible roots. 
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PROB. (16.) FIND THAT POINT WITHIN A GIVEN TRIANGLE^ 
FROM WHICH IF LINES BE DRAWN TO THE ANGULAR 
POINTS, THE SUM OF THEIR SQUARES SHALL BE A MINI- 
MUM. (Fig. 69.) 

This Problem is a more elegant solution of Prob. (8.) 
Let ABC be the triangle, and P a point within it ; a, by c 
the sides of the triangle. Draw PN, AD perpendicular to 
the base ; join AP, BP, CP. Let CN= x; NP = y; then 
AD==b sin. C; CD = b cos. C. Then CP* = a?' + y*, BP* 
=:y«+ (fl_a?)«==:y«4-af* + a* — 2a^,^P»=(ftcos. C— a?)* 
+ (6sin.C— y)' = i' + ^' + y' — 2i(a;cos. C + ysin.C); 
3a;* + By* + a* + J* — 2ai? — 24 (a? cos. C + y sin. C) = 

mm. .•. x* + y*'\ ^ — (a? cos. C + y sin. C) 

= min. 

w ^ 1 i. 4 4 . « f «' + *' 2a + 2ft COS. C 
First let y = constant .•. x* -f i J — 

, 2a + 2ft COS. C o* + ft* 
^ =: mm. = r .*. a:' — d? = r ^ — 

a + ftcos. C , / , 2aftcos. C+ft»co8.*C — 2a'— 3«^* 
= 3— + Vr+ ^ . 

It is evident that if a 7 ft, then ay b cos. C .*. 2a* 7 2aA 
cos. C .*. 2aft COS. C — 2a* is negative and A* cos.* C is evi- 

^pnfl^ / ^h* . 2«* cos. C+ y COS.* C-2a* — 3&* 
aently -^ 3c> .*. o is nega* 

tive == — P .'. a: = J (a + ft cos. C) + Vr — P .•. when 
r = min. then r = P .*. a? = J (a -f * cos. C). 

Secondly when x = constant, then we shall have 
, . a* -f ft* 26 sin. C 

y H 5 i — y = ^^^^ = ^ •*• 
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b sin. C . / __ a" + ft' . fc* sin" C 
6 sin. C , / . A* sin." C— 3i« a^ 



€/ Bill, t/ , / tt -t- C/ , 

y = -3-± Vr--^+ 9. 



, o Sin.- iy — 00- a •• .. . 
r H 7j -^. Here it is 



evident that r= — (sm. C — 3) = a nega- 

tive quantity which let = — Q .*. y^ = — -^ — + Afr^^^^y 

, . ^ ^ J> sin. C 

.*. when r = min, we must have r = Q .•• y = — - — • 

The same may easily be solved without impossible roots. 



PROB. (17.) TO FIND A POINT WITHIN A GIVEN TRIANGLE, 
FROM WHICH IF PERPENDICULARS BE LET FALL UPON 
THE SIDES^ THE SUM OF THEIR SQUARES SHALL BE A 
MINIMUM. (Fig. 70.) 

Let ABC be the triangle as before^ P the point within it, 
draw PJV, PM, PQ respectively perpendicular to Cfi, CA 
AB. Let CN=iv; NP = y,PM = p,PQ=^g CB = 
a, CA = i, AB = c .*. w = y' + jp' -|- gr'. Now it is evi- 
dent that p* — MP^ = FP« X COS.* 3fPF = IP* cos*. 
C = (FN — FN)"" COS.* C = (a: tan. C — y)* cos.* C — 

Also 3« = PQ* = PJB* COS.* EPQ = {EN — PNy cos.* B = 
^^— ^B ; =|yco8.B-(a-^)sm.BJ .-. 

tt=y* + (y COS. C — ^a? sin. C)* + "{ y cos. B — {a — 4?) sin. B > 

== min. or y* + y' cos.* C — 2an/ cos. C sin. C + y* cos.* 
J5 + ^' sin.* C — 2y (a — a:) cos. B sin. B + (a — xy sin.* 
£ = min. 
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First let a? = constant *'. y* + \t cos.' C — 2jpji cos. C 
sin, C 4" y' COS.' B --* 2y {a — j?) cos. B sin. B 

= (l-|-cos.' C-\'COB^ B)y* — 2y< x cos. C sin. C+(a — x) cos. 5sin.5 > 

(_ } a? COS. Csin. C4«((i — a;) cos. B sin. ^f \ 

1 + COS.* C + COS.' B "^ 

< 0? cos. C sin. C + (a — a?) cos. B sin. 5 > 
= min. .'. y' — 2i^ — j — _ j— ^ y = 

1 -f cos.' C 4" COB.' B 

min. = a negative quantity and .*. as in the foregoing pro- 

, , £ J X COS. C sin. C + (a — x) cos. B sin. B * 

blem we find y = r — -. — ' ^ ^ , — - — ^-^ 

^ 1 + cos.' C + COS.* B 

(cos. Csin. C — cos. B sin. B) ar -{- g cos. B sin.B . . 

1 + cos.' G + COS.' B ^ ' 

Secondly let y = constant .•• — 2xy cos. C sin. (7+ a:* sin.' 
C + 2ya: cos. B sin. B — 2ajc sin.' -B -f a;' sin.* B == 
(sin.' B+sin.' C) a?' — 2 {y cos. Csin. C — y cos. B sin. B+a sin.' B)x= 

(sin. i/+sin.' Cjf «'— J ^^^ :— i-D-i — -—9-7^ ^^« ) 

* \ sin.* B + sm.' C / 

2(y cos. (7 Sin. C — ycos. B sin. B-\-a sin.' B) 

sm.' B 4- 8m.' C 
min. = a negative quantity, and •*. as in the foregoing problem, 

/. , y(cos. C sin. G — cos.B sin. B) + a sin.' B , . 

^^ ^'"'^ "^ sin.' B + sin.' C ' ' ^^'^ 

Now let cos. (7 sin. G — cos. B sin. B=^P 
a COS. B sin. B z=z S 

1 + COS.* 0+ COS.' B = r > (3.) 

a sin.' B = Q 
Sin.* B + sin.* C — R 

Py+Q ,^ , Px + S Ty — S ,^ 

.-. ar = — ..(4)andy = — y? — orar=— ^ — ..(5) 

Compairing equations (4) and (5) we find 

RS+ PQ 
y = Tffp pa and substituting the values of R^S^PyQ^T 

from equations (3) we find, 
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(sin.'^-l-siu.' C) a cos.B sin. J34-(co8.CBin. C — cos.Bsin. B) a nin.*B 
^ ~ (l+co8.« J5+C08.' C) (8m7« C-f Bin.' BJ^cob. CBin.C^--coB. Bern. B)* 

a tin,* C sin. B cos, B + a sin.* B cos. C sin. (7 

~ sin.' B + sin." C + sin.* C cos.* B -f- co8.« C sin.' jB + 

[2 cos. C sin. C cos. J3 sin. 5 

a sin. B sin. C sin. (^ + C) 

~ 1 — COS.' B + I — COS.* + sij[i.* C COS.* B + cos.' (7 

[sin.* B •■\-2 COS. Csin. Ccos. 5 sin. B 

a sin. A sin. B sin. (7 , 

2(1 — COS.* B COS.* C + 2 COS. B cos. Csin. B sin. (7), 
substituting the values of sines and cosines of A^Bfi^ in 
terms of the sides of the given triangle we find, y = 
abc sin. A aAcsin.B abc sin. C 

The same may easily be solved without impossible roots. 



PROB. (18.) TO FIND THE VALUES OP ar,y^j THAT, ax^y*7^ 

— w*y*z* — x*y*z* — a:'y V may be = max. 

First let x^y = constants and z == variable, 
.•. ax^y^z* — 3?y*z^ — x'y*z'^ — ar'y'jzr* 

= ^V <{a — X — y) z* — ^ I = max. and 

.*. (a — X — y) z* — «* = max. .*. by prob. (10), chap. 3, 

z ==■ '^ ^ ^^ or Ax -{- Ay '\' bz z=z ^a (1.) 

Secondly let XyZzs=i constants and y = variable, then pro- 
ceeding as before we find {a — x — z) y^ — y* = max. and 

... y ;== ?i£.ZZ±IZ^) ... 3a? + 4y + 3-^ = 3fl (2.) 

Thirdly let y^ z =^ constants, and x = variable, then as 
before (a — y — z) j:' — a?» = max. .*• by prob. (2), chap. 2, 
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X _ (fl ^ ~ ^' and .*. 3x + 2y -{- 2z = 2a (3.) 

Substracting (3) from (2) we find 2y -{- z = a s (4.) 

Multiplying equations (1) and (3) by 3 and 4 respectively 
we find, I2a? + I2y + 15-8?= I2a 

12x + 8y -f 8^ = 8fl 

4y + 7^ = 4a, and multiplying 
(4) by 2 we find 4y + 2;8r = 2a 

2a ^ 4a ^ 
5z := 2a .\ z = — /. 4y + -r- == 2a 

Sa Sa 4a 

.'. y = 7r. and .*. 3ar + 2y + 2r = 3a? + -r- + — - =3a? + 

7a "^ ^ 7« 3a a 

— - = 2a .*. 3a? = 2a — — - = — .•, a? = — . 

d Odd 



The same may be solved without impossible roots. 



SUPPLEMENT. 



It will be observed throughout this work that a great 
many equations of the second degree solved for finding out 
the maximum value of r have been reduced to the form a:' 
+ i4af = — r or a:' + Ax -f- r = o, where A is generally 
negative, and in like manner the cubic and biquadratic equa- 
tions have been reduced to the forms, «* + ^^ + Bj? + r 
s= 0, J?* -|- An^ -|- Ba^ + Ca: + r = 0, where the maximum 
value of T is to be determined. 

The object of this supplement is to solve these general 
equations, and thus to find out general expressions which 
may enable us to solve numerous problems of this book in 
an instant, without going through long and sometimes tedi- 
ous operations. 

We will also add in this part of the work a few interesting 
problems which we have unfortunately forgotten to put in 
their proper places. 

1st. Solve the equation a?' + -^4a? + r = o, where r = 



-4 + /4!- 



max. We have a^ + -4d?=— r.*. a? = 5"+ - 

.•. when r = max. we must have -r- = r .*. x = . . M.) 

EX. 20a? — a?' = max. = r .*. a?» — 20a? -f r = 0. Here 

1 / .X — 20 
A = —20 .•. by {A)y x = r— = 10. 

In like manner other examples of this kind may be solved, 
by means of (A). 

2nd. Solve the cubic equation, af^ + Ax^ -f- Ba? -J- r = 0. 
Let a negative root of this equation = a •*• 
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cD-\-aJ a^+Ax*-^Bx-\'r=o [x'^+(A—a) «-f a'+B — aA=o (1.) 
x^ + ax" 

(A — a)x^+ Bx 

(A — a) a:« + {aA — a')x 

(0" + B — aA) x + r 

{a^ + B — aA)x + a (a^ + B — aA) 

T 

/. a' + B — fl^ = — /. Equa. (1) gives «' + (-4 — a) x 

^^ " ^~ 2 '" 4 a" 

Here it is evident that when r = max. we must have 

M — a)« r 

^ --^ = — = a^ ^B — aA, /. ^» — 2fl^ + a« = 4fl' 

4 a 

2^ 
+ 4B — 4a^ or 3fl' — 2Aa = A* + 4B or a r- a = 



^« — 4B A + ^/4A^+l2B , ^ — a 

__ ^ ... a= -^ and^ = --^- = 

(i — A V4^* — i2B — 2A ,o, 

~2~ = 6 (^'^ 

Ex. (1) or* — a?' + r = 0. Here ^ = — i, B = o, /. x 

= — ^ — = J. Ex. (2) a^ — a? + r = 0, ^ = 0, B = — 

Vs" 1 

1, .-. X =-• — — = -j=. Ex. (3) a?' — 6a: — I5a? -f- r = o, -4 

= — 6, B = — 15, .'. by (B), x = ! ! — =5. 

3rd. Solve the general equation of the fourth degree, viz. 
a?* + ^ar» + jBa?« + Cx + r = o. 

Let the product of the two values of this equation = a;' 
-{•• ax -{- by and we therefore find. 
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«»-f-««+^J x'+Aa?+Bx'+Cx+r^o [^x^+ {A^a)x'\•B+a^— 
[Aa — b = . . (1.) 

(A — a) x'+(B — b) x'^+Cx 

{A — a)x^ + {Aa—a*) «' +{Ab — ab)x 

" (^B+a^—Aa—b) x^+ (C+ab^Ab) x+r 
(B+a^—Aa—b)x*+(aB+a'—Aa'—ab)x 

[+b (B+a'—Aa^b) 

.\ B + a" — Aa — b = -r (2 ) 

Also C + ab — Ab = aB + a* — Aa^ — ab^ .'. b = 
aB + a^ — Aa^ — C 



2a — A 



(3.) 



A — a 

Now solving the equation (1) we find a? = — + 

V — ; and here it is evident that when r = 

4 b 

fj[ fAZ y. 

max. then ' z = -r- = B + a* — Aa — 6, .'. (A — a)* 

4 

= 4B + 4a' — 4Aa — 46, and from (3) 

,. N2 ^o I ^ ? A A 4aB + 4a' — 4^a' — 4C 
{A — ay = 4B + 4a' — 4Aa 2a — A 

4aB + 4a^ — SAa^ — 4AB + 4^^a + 4C 

2a — A 
or 4aB + 4a' — SAa'' — 4AB + 4^'a + 4C = 4A^a — 

BA 
5a^A + 2a' — -4', and therefore a' ir ^' + ^^^ — ^-^^ 

+ 2C7+y = o (C.) 

Now it is evident that from this equation the value of a 

— - — , we will find out the value of x sought. 
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Ex. (1) x' — x^ + r= 0. A = — ly B = Oy C = 0, .\ 
3 1 . 1 ..3.1 



«♦ T^ 


2 •• 


2 




' »*• 






2' 


" "^ 1 


2 




2 


T + 


3 1 

8 ^ 




0, 


• 
• • 


X = 


a 


— ^ 
2 ~ 


i + 1 
" 2 


= 


3 
4- 




Ex. 


(2) a:*- 


- a? 


+ 


r = 


= 0, 


A: 


= o,B = 


= o^and C= 


— , _ 


- I, .♦. 


a^ — i 


J Oy .• 


. a 


=^ 


2* 


and 


X- 


/4 


— a 

2 


2 


: — 


2* 

2 


1 


1 
3V4 ' 























Ex. (3) ^' — 8^» + 22a:»— 24^? + r = o. Here ^ = — 8, 
B = 22, C = — 24, .-. a' + 12a' + 44a + 48 = o. Let 
a = — 4, .-. —64 4- 192 + 48 — 176 = — 48 + 48 = 0, 

- a— A a + 8 —4 + 8 

Ex. (4) To inscribe the greatest parabola in a given isos- 
celes triangle. (Fig. 62.) 

Let AD = 6, GD = a, GP == a?, .*. the area of the para- 

4h 

bola = — V(a — xyx = max. ,.•. {a — a?)' = a^x — 3aV 

+ Sax' — X* = max. = r, .•. x^ — 3aa:' + 3aV — a^x-^-r 
= 0, Here A =s — 3a, ZJ = 3a', C = — a'. Now substi- 
tuting these values of A^ByCy and putting y instead of a in 
the equation (C) we find, 

9a 5tz^ 

y' + — y' + 6a'y -f -— = o. By trial the value of y is 

found = — —,.•. ar = X ^-^^ 

5a 

3a 

2 a 

2 ~T' 
Ex. (5) In the trapezium ABCD^ the base AB == a, AD 
:=BC= b, find CZ>, CZD being parallel to AB^ that the area 
may be a maximum, {m & n are the points where the perfs. 
cut the parallel Hue required and mn = x). 
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It is evident that Am = nB .*. the area of the whole tra- 

Dm X Am . ^ ^ Cn + nB Dm X Am 
pezium = ^ \-mn X Dm H ^ = 

^ 2 2 

^ _ . Dm X Am »^ . ^ . ^ 

+ mn X Dm -f- • s ==^ ^^ ^ -^^ + mn X Dm = 

== max. X r^ /. a:* — 2(26« + a') a:' — Sab^'x — a« (4i« — fl«) 
+ r = 0. Here ^ = o, B = — 2(26' + a'), C = — 8a6, 
... y» _ 4(26« -I- a«) y _ I6ab* = o. Let y = — 2a, 
/. — 8a' + 16a6' + 8a' — 16a6» = o, and therefore 

y — A y a + V86' + a* 



= « + V8Z»=* + a« and 0? = ^ ^ — o 

It may be remarked in this place that cubic equations got 
by reduction of biquadratic equations may be solved by Car- 
don's Rule, instead of the method of trial as effected in the 
preceding examples. 



A FEW NEW PROBLEMS. 



PROB. (1.) FIND THE GREATEST AREA THAT CAN BE IN- 
CLUDED BY FOUR GIVEN STRAIGHT LINES. (Fig. 71-) 

Let a, J,c,d, = four given straight lines, n = the angle 

included by «,A and m = the angle included by c,rf and D = 

J. , A .J erf sin. w , aisin. n cd 
diagonal ; .'. Area required = 1 = 

(ab , \ . ab 

sin. ^ + ~j 8iii» W/ == n^ax. .•. sin. w + -% sin. 7z = inax. 

Squaring this expression, sin.' m -\ — -j sin. m sin. n -| — ^ 

sin.* n =• max. = r (1.) 

But c^ + d^ — 2cd COS. wi = D' = fl« + 6' — 2aA cos. », 

ai c' + rf» — a« — 6« 

/. cos, m J COS. n == -— , = B and .•* 

ca 2cd 

2ab a'b'' _ , , 

COS.' m -T COS. m cos. w -}- TJi cos.' w = -B' (2.) 

Adding equations (1) and (2), and transposing we find 

^ + 5' — TOi— 1 

— cos. (w + w) = = ; and here it is evident 

^ 2a6 

erf 

that the greatest value for r or the second member of the 

equation, is the greatest positive value of the first member ; 

that is to say we must have — cos. (wi + ^) = — ^ X cos. 

(w + n) = 1, which can only take place when cos. (m + ^) 

= — lorw + w= 180® /. sin. m = sin. w, and therefore. 



( 184 ) 



Area = ^^-^1^ sin. n = V(P — a) {P — b){P—c){P — d) 
where P = '^-^ — 'I ^ as found by calculation. 



PROB. (2.) TO FIND SUCH A VALUE OP X THAT, {mX + w) 
{ny + Wl) = MAX. AND «"% y "^ =: C. 

From the second equation we find, mx log a + ny log 6 = 
log £r. Let log a = -4, log i = B, and log c == Cy .\ 

_ C — mJx , 

m-4ar + nBi/ = C, .*. ny = ^ .*. ny + m ^= 

— ^^^^^^ ij— ^ 9 a^^ therefore (mx + 'i) (wy -|- ^) = 

m*Ax^ — (mC + rn^B — nmA) nC — nmB , 
B B =-^>^^^ 

. - , mC + m'jB — nm-4 ^ , 

therefore, ar — ,-. = — r, .-. we find 

^ mrA 

(as m problems m Chap. 1st) a? = — 



2mA 



loo; c+ m \o^i — n\o^/i 

t: — i = i02 



c^" 



2wi log a ^ a" 



log a^"* 



PROS. (3.) OM AND OP ARE TWO ARCS OF GREAT CIR- 
CLES ON A SPHERE, AND THE ARC PM IS DRAWN 
PERPENDICULAR TO OJIf, FIND WHEN THE DIFFERENCE 
BETWEEN OP AND OM IS THE GREATEST. (Fig. 72.) 

Let POM = a,OP = tf and OM = 9, .-. y — 8 = max. 
= r. By Napier's Rules for the solution of right angled 
triangles (spherical) tan 9 = cos. a tan y; .•. 9 == y — r .•. 
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'tan y + tan r , ^ + r' , 

tan = 1 7 = COS. a tan y or (where 

1 — tan f tan r ^ i — r'x 

r» s= tan r = max.) = ax X (where a = cos. a, and a: 

. -1 — a 1 1 — a 

= tan y) or ^' -f p- x =• . .\ x = -z — r- + 

V . .^ ^ . Here it is evident that when r = max. 

Aar^ a 

(1 - ay 



then ^ , , - == min. .•. when r = max. then we must 



[I— ay 1 a — I a — I 1 

have —T—siT" = — 5 •*• ^ = ^ y — ••. ^ == — :; — = -7= 

= (cos. a)i. 



I had to say something more regarding the Algebraical 
theory of Maxima and Minima^ but being afraid of enlarging 
the work too much, I conclude these sheets. 



p. S. d'ROZARIO and CO., PRINTERS, TASK-SUUARE. 
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